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In matrix-object data, an object (or a sample) is described by more than one feature vector
(record) and all of those feature vectors are responsible for the observed classification of
the object. A task for matrix-object data is to cluster it into a set of groups by analyzing
and utilizing the information of feature vectors. Matrix-object data are widespread in many
real applications. Previous studies typically address data sets that an object is generally
represented by a feature vector, which may be violated in many real-world tasks. In this
paper, we propose a k-multi-numeric-values-representatives (abbr. k-Mnv-Rep) algorithm
to cluster numeric matrix-object data. In this algorithm, a new dissimilarity measure
between two numeric matrix-objects is defined and a new heuristic method of updating
cluster centers is given. Furthermore, we also propose a k-multi-values-representatives
(abbr. k-Mv-Rep) algorithm to cluster hybrid matrix-object data. The two proposed algo-
rithms break the limitations of the previous studies, and can be applied to address
matrix-object data sets that exist widely in many real-world tasks. The benefits and effec-
tiveness of the two algorithms are shown by some experiments on real and synthetic data
sets.

� 2020 Elsevier Inc. All rights reserved.
1. Introduction

Consider the following learning problem. Each user has more than one visited record about web pages in a fixed period,
which are described by three features: Visited URL (Uniform Resource Locator), Visited time point and Visited time. These
records carry behavior characteristics of each user. How to discover different user groups according to behavior character-
istics has an important significance in recommend system and other applications.

Clustering is a widely used method to find different user groups in real-world applications [40]. It aims to partition the
data of objects into a set of clusters in which objects in the same cluster are close to each other whereas objects in different
clusters are far from each other [16,20]. In traditional clustering problems, each object is typically represented as a fixed-
length vector of features (usually called a feature vector). For our web page grouping problem, each record is a feature vector.
Each object consists of more than one feature vector. We call this kind of grouping problem as matrix-object data clustering,
which arises in complex applications of machine learning where each object is called as a matrix-object.
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In matrix-object data clustering, each matrix-object is a r-by-m matrix that can be regarded as r feature vectors described
by m attributes. Here, r varies from matrix-object to matrix-object. This kind of data extensively exist in many fields, such as
banking, insurance, telecommunication, retails and medical science. Their characteristics are listed as follows.

� Correlation: Each matrix-object and its feature vectors have some correlations. For example, different users may have
different interests about web pages.

� One-many: Each matrix-object corresponds with more than one feature vector. In the web page grouping problem, each
user has many visited records, and the number of records varies from user to user.

� Mixed: In most cases, a matrix-object is described by both categorical and numeric attributes together. For example, Vis-
ited URL is a categorical attribute while Visited time is a numeric attribute.

� Evolution: Some attribute values may change as time goes on. For example, a user visits one URL repeatedly in this
month, but in the next month the URL may be not visited. In other words, the change of a user’s behavior is a dynamic
evolution process with time.

If traditional clustering algorithms are used to solve the above problem, matrix-object data need to be transformed. One
way is to compress a matrix-object into a vector, by which most of information is lost. A commonly used compression
method is to represent a matrix-object by modes and means for categorical and numeric attributes, respectively. In the
web page grouping task, for one user, only the web page with the highest visited frequency is considered on Visited URL.
For Visited time point and Visited time, only the average values are considered whereas the visited information of each
web page for a user has not been reflected. Another way is to consider each attribute value as a new attribute, by which
matrix-object data will be sparse and high dimensional. Especially for Visited time point and Visited time, data may become
more sparse and high dimensional because of their continuous values. Therefore, traditional algorithms have some difficul-
ties in dealing with matrix-object data clustering problem [24,15,18,4,6,3,19,23].

In this paper, we propose two k-type algorithms to handle the matrix-object data clustering problem. A k-Mnv-Rep algo-
rithm is developed to cluster the numeric matrix-object data, in which a new dissimilarity measure and a new update way of
cluster centers are studied. Furthermore, we propose a k-Mv-Rep algorithm to cluster hybrid matrix-object data. The main
contributions of our paper are given as follows.

� We define a novel dissimilarity measure to calculate the difference between two numeric matrix-objects.
� We provide an update policy of cluster centers after each iteration for clustering numeric matrix-object data.
� We propose the k-Mnv-Rep clustering algorithm to cluster numeric matrix-object data.
� We propose the k-Mv-Rep clustering algorithm to cluster hybrid matrix-object data, in which we define the dissimilarity
between two hybrid matrix-objects and the update policy of cluster centers.

The rest of this paper is organized as follows. The related research work is reviewed in Section 2. The clustering algo-
rithms for matrix-object data are proposed in Section 3. The experimental results and the convergence test of our algorithms
are reported and carried out in Section 4. The scalability study on numeric synthetic matrix-object data is provided in Sec-
tion 5. This paper is concluded and some future work is pointed out in Section 6.
2. Related work

A comparable situation is multi-instance (MI) learning. It is a variation of the standard supervised machine learning. In MI
learning, each example (a bag) may have many alternative feature vectors (instances), where every bag has a class label.
However, the instances themselves are not explicitly labeled. The learning target is to build a model based on the given
examples that can accurately predict the class labels of the future bags.

MI learning was first proposed in Ref. [37]. It is assumed that a bag has many feature vectors, but only one of those feature
vectors may be responsible for the observed classification of the object. A strong assumption is made regarding the relation-
ship between instances inside the bag and the label of the bag, which is generally referred to as the standard MI assumption.
Under this assumption, each instance has a hidden class label identifying it as either a positive or a negative instance. A bag is
considered to be positive if and only if it contains at least one positive instance. Nevertheless, for many applications, the
standard MI assumption may not be directly applicable. Therefore, there has been a trend toward the relaxation of this
assumption, e.g., other interactions between instances and the class labels of bags are possible.

Weidmann et al. [39] a total of proposed three types of generalized MI assumptions and formulated a hierarchy. Under
the count-based MI assumption (the most generalized assumption), MI learning is no longer a binary classification problem,
and a bag is positive if and only if the number of instances it contains is within a certain range for each positive concept. Scott
et al. [31] proposed the GMIL assumption, in which a bag is positive if and only if its instances are sufficiently close to at least
r concepts of k target concepts. Combing the two assumptions, Tao et al. [36] proposed the count-based GMIL assumption.
The DD-SVM/MILES assumption [8,7] is related to the GMIL assumption, in that the distance from a set of target concepts is
used to determine bag labels. The BARTMIP method [44] assumes that bag labels are related to the distances from target bags
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instead of target concepts. In the collective assumption [41], the bag-level class label is determined by the average class
value of the instances of that bag. By considering the weight of each instance, Foulds proposed two MI assumptions [14].

In MI learning, each MI assumption defines a relationship between the instances in a bag and the bag-level class label, i.e.,
each instance of bags has a hidden class label. Given a bag, its label is obtained by the labels of its instances. Notably, the
assumption view of MI learning is useful from a practical machine learning perspective [21].

MI learning may not perform satisfactorily in case when training example bags do not have class labels. For example,
under the standard assumption, a positive bag has many instances but perhaps only one of those instances is positive. Since
instances in bags have a hidden class label without being explicitly labeled, it is difficult to guarantee that the distance
between two positive bags is based on the label of the positive instance. Therefore, unsupervised learning-based MI is indeed
challenging. As we know, the BAMIC algorithm is an unsupervised MI learning algorithm [44]. However, it is only used to
prepare for predicting labels of future bags in the BARTMIP method and in the BAMIC algorithm, the hidden class label of
an instance is not considered.

Matrix-objects learning focuses on behavior analysis. In the matrix-object data clustering problem, each feature vector
does not have a hidden class label and all feature vectors are responsible for the observed classification of the matrix-
object. Furthermore, each feature vector should correspond with a time point. In other words, the change of a user’s behavior
is a dynamic evolution process with time.
3. Matrix-object data clustering

In this section, we propose two k-type algorithms to cluster matrix-object data. The k-type clustering algorithm [26,17]
consists of three components: (1) representation of cluster centers, (2) allocation of objects into clusters and (3) update of
cluster centers. Thus, these two new algorithms are described from two aspects: the dissimilarity measure, and the repre-
sentation and update policy of cluster centers.

3.1. Problem statement and notations

Let X ¼ fX1;X2; . . . ;Xng be a matrix-object data set described bym attributes fA1;A2; . . . ;Amg, where Xið1 6 i 6 nÞ is the ith
matrix-object with ri feature vectors and is described as
Xi ¼

v i11 v i12 � � � v i1m

v i21 v i22 � � � v i2m

..

. ..
. . .

. ..
.

v iri1 v iri2 � � � v irim

0
BBBB@

1
CCCCA:
It can also be written as Xi ¼ ðXi1;Xi2; . . . ;XimÞ representing m ri-dimensional column vectors, where ri may be different for
each matrix-object and Xis ¼ ½v i1s;v i2s; . . . ;v iris�0 ð1 6 s 6 mÞ is the sth ri-dimensional column vector. Moreover, let Vs and VAs

Xi

be the set of domain values of X and Xi on As respectively. The task of matrix-object clustering is to group X into clusters. The
k-mw-modes algorithm has been proposed for categorical matrix-object data clustering problem [5]. In this algorithm, the
computation of the distance between two matrix-objects and the update mechanism of cluster centers are based on the fre-
quency of attribute values. For numeric matrix-object data, its attribute values are continuous not discrete. Therefore, the k-
mw-modes algorithm is not efficient in coping with the numeric matrix-object data clustering problem. In this paper, we
mainly consider numeric matrix-object data clustering problem. In addition, numeric and categorical attributes are usually
mixed in many real-world matrix-object data sets. With the k-prototypes algorithm as a reference, we also propose a new
algorithm to attack the hybrid matrix-object data clustering problem.

3.2. Proposed algorithm for numeric matrix-object data

In this section, a k-Mnv-Rep algorithm is developed to cluster numeric matrix-object data, in which a dissimilarity
between two numeric matrix-objects is defined in order to allocate objects into clusters. Moreover, a heuristic method of
updating cluster centers is proposed.

3.2.1. Dissimilarity between two numeric matrix-objects
Each matrix-object is a ri-by-m ðri P 1Þ matrix, and ri varies from matrix-object to matrix-object. To measure the dissim-

ilarity between two numeric matrix-objects, the Hausdorff distance [13] and its variants[38,44] can be applied. The dissim-
ilarity is actually determined by the Euclidean distance of two feature vectors from two matrix-objects, which violates the
property that all feature vectors are responsible for the observed classification of matrix-objects. In this paper, we propose a
new dissimilarity measure for numeric matrix-objects. It is known that each distance must be obtained under the same fea-
ture space. Suppose features (attributes) are independent, the dissimilarity between two matrix-objects can be measured by
their difference on each feature. Because each matrix-object can be viewed as m ri-dimensional vectors, the problem is con-
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verted to acquire the dissimilarity between two vectors with different lengths in the same feature space. Due to the conti-
nuity of numeric attribute values, in the new measure we make use of their neighbors. The details are described as follows.

Definition 1. Suppose that X is a given numeric matrix-object data set, Vs denotes the set of domain values of X on the
attribute As. Xis ¼ ½v i1s;v i2s; . . . ;v iris�0 is the sth ri-dimensional column vector of XiðXi 2 XÞ. 8v 2 Vs, the number of its
neighbors in Xis for a given parameter es is defined as
n f iðvÞ ¼
Xri
p¼1

n gðv ;v ipsÞ; ð1Þ
where
n gðx; yÞ ¼ 1; if jx� yj 6 es:
0; otherwise:

�
ð2Þ
Definition 2. Given two numeric matrix-objects Xi;Xj described by m attributes fA1;A2; . . . ;Amg, the dissimilarity measure
between them can be defined as
n dðXi;XjÞ ¼ 1
m

Xm
s¼1

n dðXis;XjsÞ; ð3Þ
where
n dðXis;XjsÞ ¼ 1
2

X
v2V

n f iðvÞP
v2Vn f iðvÞ

� n f jðvÞP
v2Vn f jðvÞ

�����
�����; ð4Þ
and V ¼ Xis [ Xjs. j � j represents the absolute value of a value. In addition, a normalization factor 1
2 is added to make

0 6 n dðXis;XjsÞ 6 1. And n dðXis;XjsÞ ¼ 1 if and only if Xis \ Xjs ¼ £.

Given a parameter es on the attribute As, each attribute value has some neighbors in the vector Xis. According to the def-

initions, n f iðvÞ is the number of neighbors of the attribute value v in Xis. Given two matrix-objects Xi;Xj;
n f iðvÞP
v2V n f iðvÞ

reflects

the importance of v in Xis. The higher n f iðvÞ is, the more important v in Xis is. For Xis and Xjs, if the closer the importance of v
in Xis;Xjs are, the more similar Xis;Xjs are. Therefore, the dissimilarity between Xis and Xjs can be measured by the difference
of importance of their attribute values.

As an example, the dissimilarity between two numeric matrix-objects is given as follows.

Example 1. Suppose that Xi;Xj;Xk are three numeric matrix-objects, they are described by m attributes. On the attribute
As;Xis ¼ ½2;3;6�0;Xjs ¼ ½3;9�0;Xks ¼ ½3;7�0. We can obtain Xis [ Xjs ¼ f2;3;6;9g. Suppose that es ¼ 1, according to Eq. (1),
n f ið2Þ ¼ 2;n f ið3Þ ¼ 2;n f ið6Þ ¼ 1;n f ið9Þ ¼ 0;

n f jð2Þ ¼ 1;n f jð3Þ ¼ 1;n f jð6Þ ¼ 0; n f jð9Þ ¼ 1:
The dissimilarity between Xis;Xjs is j 2
2þ2þ1þ0 � 1

1þ1þ0þ1 j ¼ 1
15 for the attribute value 2. In the same way, we compute the dissim-

ilarities between Xis;Xjs about the other three values as 1
15 ;

1
5 ;

1
3, respectively. So, the dissimilarity between Xis;Xjs can be com-

puted as n dðXis;XjsÞ ¼ 1
2 ð 1

15 þ 1
15 þ 1

5 þ 1
3Þ ¼ 1

3. Similarly, the dissimilarity between Xis;Xks can be computed as n dðXis;XksÞ ¼ 1
6.

Apparently, n dðXis;XjsÞ > n dðXis;XksÞ, which confirms the facts. The dissimilarities on other attributes can be obtained as
well.
3.2.2. A heuristic updating cluster center method for numeric matrix-object data
In the k-type algorithm, the clusters are updated iteratively by allocating the object into the closest cluster. In each iter-

ation, the distances between each object and each cluster need to be computed. However, the distance computation is very
consuming, because each cluster contains many objects and algorithms need multiple iterations. Therefore, the cluster rep-
resentation is critical. Usually, the k-type clustering algorithm can find the best representation by traversing all possible clus-
ter centers, but it is very time consuming. In our paper, a heuristic algorithm is proposed to discover cluster centers.

For traditional data, each object is a feature vector, and usually its cluster representation is also a vector. That is, the rep-
resentation is an attribute value for each attribute. For matrix-object data, each matrix-object has many feature vectors. In
order to obtain a better representation, multiple representative values should be selected to represent a cluster for each attri-
bute. In this section, we define a weight for each attribute value to measure its representative.
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Definition 3. Given a numeric matrix-object data set X ¼ fX1;X2; . . . ;Xng, it is described bym attributes. Let Vs represent the
set of domain values of X on the attribute As. 8v 2 Vs, its weight in X on As is defined as
n xðvÞ ¼ 1
n

Xn
i¼1

n f iðvÞ
ri

: ð5Þ
Given the matrix-object XiðXi 2 XÞ, according to Eq. (1), n f iðvÞ is the number of neighbors of the attribute value v in Xis. So
n f iðvÞ

ri
reflects the importance of v in Xis. The higher n f iðvÞ is, the more important v in Xis. If an attribute value is selected to

represent the cluster center, it is supposed to be important in each matrix-object. In Eq. (5), 0 6 n f iðvÞ
ri

� 1;0 6 n xðvÞ � 1.

And n xðvÞ ¼ 1 if and only if n f iðvÞ
ri

¼ 1 ð8i 2 f1;2; . . . ;ngÞ. That is, an attribute value has a higher weight if and only if it

is important in each matrix-object.

By Eq. (5), we can obtain the weight of each attribute value and arrange them in the descending order of the weight. For
the attribute As, the first us values are selected as the cluster center. We set us ¼ roundð1n

Pn
i¼1jVAs

Xi
jÞ. In this way, the cluster

centers on other attributes can be found as well. In the next iteration, the new cluster centers are used to compute the dis-
tances instead of the clusters. The heuristic algorithm is described in Algorithm 1.

Algorithm 1. A heuristic updating cluster center algorithm for numeric matrix-object data.

1: Input:
2: - X: a set of n numeric matrix-objects described by m attributes;
3: -e : e ¼ fe1; e2; . . . ; emg is the set of parameters for computing the neighbors;
4: Output: - Q: A cluster center of X;
5: Method:
6: fors ¼ 1 to m do
7: sum = 0, Q ¼ £;
8: fori ¼ 1 to n do

9: sum ¼ sumþ jVAs
Xi
j;

10: end for
11: us ¼ roundðsum=nÞ;
12: for t ¼ 1 to jVsj do
13: Calculate the weight n xðvs

tÞ of vs
t 2 Vs by Eq. (5);

14: end for
15: Let fvs

1;vs
2; . . . ; vs

jVs jg be the set after the descending order by the weight;

16: QAs
¼ fvs

1;vs
2; . . . ;vs

us
g;

17: Q ¼ Q
S
QAs

;
18: end for
19: return Q.

An example is given to illustrate the process of updating cluster centers of the numeric matrix-object data sets as follows.

Example 2. Given a numeric matrix-object data set X ¼ fX1;X2;X3g, it is described by m attributes. On the attribute
As; X1s ¼ ½2;2;3;6�0; X2s ¼ ½1;3;7�0; X3s ¼ ½4;4;5�0. We can obtain the domain values Vs of X on As, and Vs ¼ f1;2;3;4;5;6;7g.
Suppose that es ¼ 1, we can compute the weight of each attribute value in X by Eq. (5). For the value 1,
n xð1Þ ¼ 1

3 ð24 þ 1
3 þ 0

3Þ ¼ 5
18. Similarly, we can compute n xð2Þ ¼ 17

36 ;n xð3Þ ¼ 7
12 ;n xð4Þ ¼ 19

36 ; n xð5Þ ¼ 5
12 ; n xð6Þ ¼ 11

36 ;

n xð7Þ ¼ 7
36. Obviously, n xð3Þ > n xð4Þ > n xð2Þ > n xð5Þ > n xð6Þ > n xð1Þ > n xð7Þ. The number of attribute values

is computed as us ¼ roundð3þ3þ2
3 Þ ¼ 3, so we select f3;4;2g as the representative values of the data set X.
3.2.3. The k-Mnv-Rep algorithm
Given a numeric matrix-object set X ¼ fX1;X2; . . . ;Xng clustered into k ð� nÞ clusters, the goal of the k-Mnv-Rep algo-

rithm is to minimize the following objective function
FðW;QÞ ¼
Xk

l¼1

Xn

i¼1

xli � n dðXi;QlÞ; s:t: xli 2 f0;1g;1 6 l 6 k;1 6 i 6 n;

Xk

l¼1

xli ¼ 1;1 6 i 6 n; 0 <
Xn
i¼1

xli < n;1 6 l 6 k; ð6Þ



L. Yu et al. / Information Sciences 542 (2021) 40–57 45
where W ¼ ½xli� is a k-by-n f0;1g matrix in which xli ¼ 1 indicates that object Xi is allocated to cluster l, and
Q ¼ ½Q1;Q2; . . . ;Qk� in which Ql 2 Q is the multi-numeric-values representatives of cluster l.

Minimizing this objective function is known as a NP-hard problem [12]. In general, FðW;QÞ can be solved with an iter-
ative process to solve two subproblems iteratively until the process converges. The first step is to fix Q ¼ Qt at iteration t and
solve the reduced problem FðW;QtÞ with Eq. (3) to find Wt that minimizes FðW;QtÞ, then the second step is to fix Wt and
solve the reduced problem FðWt ;QÞ by using Algorithm1 to find Qtþ1 that minimizes FðWt ;QÞ. The k-Mnv-Rep algorithm is
described in Algorithm 2.

Algorithm 2. The k-Mnv-Rep Algorithm.

1: Input:
2: - X: a data set of n numeric matrix-objects described by m attributes;
3: - k: the number of clusters need to be clustered;
4: - �: a threshold;
5: Output: - cid: the labels of all objects after clustering;
6: Method:
7: Generate k random numbers and obtain k initial centers by the indexes;
8: Let Q ¼ fQ1;Q2; . . . ;Qkg be the initial centers, and value ¼ 0; num ¼ 0;
9: while num 6100 do
10: value1 ¼ 0;
11: for i ¼ 1 to n do

12: Allocate Xi into the lth cluster if l ¼ argmink
l¼1fn dðXi;QlÞg.

13: value1 ¼ value1þmink
l¼1fn dðXi;QlÞg;

14: end for
15: If jvalue1� valuej 6 �; break; Else value ¼ value1 and num ¼ numþ 1;
16: for l ¼ 1 to k do
17: Update the cluster center Ql by Algorithm 1;
18: end for
19: end while
The computational complexity of the k-Mnv-Rep algorithm is analyzed as follows.

� Computing dissimilarity. The complexity for calculating the dissimilarity between two numeric matrix-objects on As is
OðjVsjÞ. The computational complexity of the dissimilarity between two numeric matrix-objects on m attributes is
OðmjV 0jÞ, where jV 0j ¼ maxfjVsj;1 6 s 6 mg.

� Updating cluster centers. The complexity for computing the weight of attribute values on As is OðnjVsjÞ. The computational
complexity of updating k cluster centers on m attributes is OðkmnjV 0jÞ, where jV 0j ¼ maxfjVsj;1 6 s 6 mg.

If the clustering process needs t iterations to converge, the total computational complexity of the k-Mnv-Rep algorithm is
OðtmnkjV 0jÞ, where jV 0j ¼ maxfjVsj;1 6 s 6 mg. It is obviously that the time complexity of the proposed algorithm increases
linearly as the number of matrix-objects, attributes, clusters and attribute values increases.

3.3. Proposed algorithm for hybrid matrix-object data

In the Section 3.2, the k-Mnv-Rep algorithm has been proposed to solve numeric matrix-object data clustering problem,
but it is limited to numeric matrix-object data. In real world, it is common that numeric and categorical attributes are mixed
in many data sets. In this section, with the k-prototypes algorithm as a reference, we extend the k-Mnv-Rep to domains with
mixed numeric and categorical values by combining the k-mw-modes algorithm [5]. The new algorithm is also described
from two processes: dissimilarity measure and updating cluster centers.

3.3.1. Dissimilarity between two hybrid matrix-objects
Distance measures are usually meaningful only in the same feature space. For example, in the traditional data represen-

tation, in order to measure the distance between two hybrid objects, different measures are usually used on numeric and
categorical attributes [17]. For hybrid matrix-object data, we also use different distances to measure data on different type
of attributes. The details are given as follows.

Definition 4. Let X be a hybrid matrix-object data set described by m attributes fAr
1; . . . ;A

r
p;A

c
pþ1; . . . ;A

c
mg, where the first p

attributes describe numeric data and the rest describes categorical data. 8Xi;Xj 2 X, the dissimilarity measure between them
can be defined as
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h dðXi;XjÞ ¼
Xp

s¼1

n dðXis;XjsÞ þ c
Xm
s¼pþ1

c dðXis;XjsÞ; ð7Þ
where the weight c is used to avoid favouring either type of attribute. c dðXis;XjsÞ is a distance measure on As about categor-
ical matrix-objects as follows [5].
c dðXis;XjsÞ ¼ 1
2

X
v2V

Pri
p¼1c gðv ;v ipsÞ

ri
�
Prj

q¼1c gðv ;v jqsÞ
rj

�����
�����; ð8Þ
where V ¼ Xis [ Xjs. c gð�; �Þ is a function whose value is 1 if two parameter values are equal, otherwise its value is 0. A nor-
malization factor 1

2 is added to make 0 6 c dðXis;XjsÞ 6 1. And c dðXis;XjsÞ ¼ 1 if and only if Xis \ Xjs ¼ £.
In Eq. (7), as 0 6 n dðXis;XjsÞ 6 1 and 0 6 c dðXis;XjsÞ 6 1, so the weight can be set to c ¼ 1. If es in Eq. (1) is set to 0,

n gðv ;v ipsÞ ¼ c gðv ;v ipsÞ and
P

v2Vn f iðvÞ ¼ ri. i.e., c dðXis;XjsÞ ¼ n dðXis;XjsÞ. Therefore, the dissimilarity between two hybrid
matrix-objects can be unified as follows.

Definition 5. Given a hybrid matrix-object data set X;Vs denotes the set of its domain values on the attribute As. 8v 2 Vs, the
number of its neighbors in Xis for a given parameter e0s is defined as
h f iðvÞ ¼
Xri
p¼1

h gðv ;v ipsÞ; ð9Þ
where
h gðx; yÞ ¼ 1; if jx� yj 6 e0s;
0; otherwise;

�
ð10Þ
and
e0s ¼
es; numeric:

0; categorical:

�
ð11Þ
Definition 6. Let X be a hybrid matrix-object data set described by m attributes. 8Xi;Xj 2 X, the dissimilarity measure
between them can be defined as
h dðXi;XjÞ ¼ 1
m

Xm
s¼1

h dðXis;XjsÞ; ð12Þ
where
h dðXis;XjsÞ ¼ 1
2

X
v2V

h f iðvÞP
v2Vh f iðvÞ

� h f jðvÞP
v2Vh f jðvÞ

�����
�����; ð13Þ
and V ¼ Xis [ Xjs. j � j represents the absolute value of a value.
For categorical attribute, e0s ¼ 0; h f iðvÞ denotes the frequency of the attribute value v. For numeric attribute,

e0s ¼ es; h f iðvÞ denotes the number of neighbors of v. For a given data set and a given attribute, the frequency and the num-
ber of neighbors all can reflect the importance of an attribute value. So h dðXi;XjÞ can measure the dissimilarity.

3.3.2. A heuristic updating cluster center method for hybrid matrix-object data
The cluster centers are updated respectively for numeric and categorical attributes. For each kind of attribute, the updat-

ing method aims to find some values with higher weight. The definition of weight is the key of updating algorithm. According
to Eq. (9), for a given value v ;h f iðvÞ can be unified for numeric and categorical attributes. Therefore, for a given hybrid data
set, the weight of an attribute value can be written as follows.

Definition 7. Let X be a data set of n hybrid matrix-objects described by m attributes. Suppose that Vs represents the set of
domain values of X on the attribute As;8v 2 Vs, its weight in X on As is defined as
h xðvÞ ¼ 1
n

Xn
i¼1

h f iðvÞ
ri

: ð14Þ
where h f iðvÞ is obtained by Eq. (9).
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For categorical attribute, h f iðvÞ denotes the frequency of the attribute value v. For numeric attribute, h f iðvÞ denotes the
number of neighbors of v. No matter which attribute, h f iðvÞ

ri
can reflect the importance of v in Xi. If a value has higher impor-

tance in each matrix-object, its weight h xðvÞ is higher. We select some values having higher weight as the center. The num-
ber of values as the new center is set to u ¼ roundð1n

Pn
i¼1jVAs

Xi
jÞ.

3.3.3. The k-Mv-Rep algorithm
Let X ¼ fX1;X2; . . . ;Xng be a hybrid matrix-object set. The k-Mv-Rep algorithm for clustering X into k ð� nÞ clusters aims

to minimize the following objective function
F 0ðW 0;Q 0Þ ¼
Xk

l¼1

Xn

i¼1

x0
li � h dðXi;Q

0
lÞ; s:t: x0

li 2 f0;1g;1 6 l 6 k;1 6 i 6 n;
Xk

l¼1

x0
li ¼ 1;1 6 i 6 n;

0 <
Xn
i¼1

x0
li < n;1 6 l 6 k; ð15Þ
whereW 0 ¼ ½x0
li� is a k-by-n f0;1gmatrix in whichx0

li ¼ 1 indicates that Xi is allocated to cluster l, and Q 0 ¼ ½Q 0
1;Q

0
2; . . . ;Q

0
k� in

which Q 0
l 2 Q 0 is the multi-values representatives of cluster l.

Similar to the k-Mnv-Rep algorithm, we still apply the new heuristic updating center method for hybrid matrix-object
data to find a local minimum of F 0ðW 0;Q 0Þ. The process of finding the local minimum is the same as the k-Mnv-Rep algorithm.
The details of the k-Mv-Rep algorithm are described in Algorithm 3.

Algorithm 3. The k-Mv-Rep Algorithm.

1: Input:
2: - X: a data set of n hybrid matrix-objects described by m attributes;
3: - k: the number of clusters need to be clustered;
4: - �: a threshold;
5: Output: - cid: the labels of all objects after clustering;
6: Method:
7: Generate k random numbers and obtain k initial centers by the indexes;
8: Let Q ¼ fQ1;Q2; . . . ;Qkg be the initial centers, and value ¼ 0;num ¼ 0;
9: while num 6100 do
10: value1 ¼ 0;
11: for i ¼ 1 to n do

12: Arrange Xi to the lth cluster if l ¼ argmink
l¼1fh dðXi;QlÞg.

13: value1 ¼ value1þmink
l¼1fh dðXi;QlÞg;

14: end for
15: If jvalue1� valuej 6 �; break; Else value ¼ value1 and num ¼ numþ 1;
16: for l ¼ 1 to k do
17: Update the cluster center Ql by Eq. (14);
18: end for
19: end while

The computational complexity of the k-Mv-Rep algorithm is OðtmnkjV 0jÞ, where t represents the iterations and
jV 0j ¼ maxfjVsj;1 6 s 6 mg. It is obviously that the time complexity of the proposed algorithm increases linearly as the num-
ber of matrix-objects, attributes, clusters and attribute values increases.

4. Experiments

To evaluate the effectiveness of the proposed algorithms, we conduct a series of experiments on real data sets. Firstly, five
external indices are introduced. Then, we conduct experiments on numeric matrix-object data to evaluate the k-Mnv-Rep
algorithm. Next, some experiments on hybrid matrix-object data are made to evaluate the k-Mv-Rep algorithm. Finally,
we discuss the impact of the parameter � on the effectiveness of the two proposed algorithms, and test the convergence
of the two algorithms.

4.1. Evaluation indexes

We introduce five external indices to evaluate the proposed algorithms. They are accuracy (AC), Precision(PE), recall (RE),
adjusted rand index (ARI) [25] and normalized mutual information (NMI) [35] respectively.



Table 1
The contingency table.

C1 C2 . . ... � � � Ck0 Sums

P1 n11 n12 � � � n1k0 p1
P2 n21 n22 � � � n2k0 p2
..
. ..

. ..
. . .

. ..
. ..

.

Pk nk1 nk2 � � � nkk0 pk
Sums c1 c2 � � � ck0 n
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Let X be a matrix-object data set, C ¼ fC1; C2; . . . ;Ck0 g be a clustering result of X; P ¼ fP1; P2; . . . ; Pkg be a real partition in X.
The overlap between C and P can be summarized in a contingency table shown in Table 1, where nij denotes the number of
matrix-objects in common between Pi and Cj;nij ¼ jPi

T
Cjj. pi and cj are the number of matrix-objects in Pi and Cj,

respectively.
The five evaluation indexes are defined as follows:
1 http
2 http
3 http
4 http
AC ¼ 1
n

max
j1 j2 ���jk2S

Xk

i¼1

niji ; PE ¼ 1
k

Xk

i¼1

nij	i
pi

;RE ¼ 1
k

Xk

i¼1

nij	i
pi

;

ARI ¼
P

ijC
2
nij

� P
iC

2
pi

P
jC

2
cj

h i
=C2

n

1
2

P
iC

2
pi
þP

jC
2
cj

h i
� ½PiC

2
pi

P
jC

2
cj
�=C2

n

;

NMI ¼
Pk

i¼1

Pk0

j¼1nijlog
nijn
picj

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPk

i¼1pilog
pi
n

� �Pk0

j¼1cjlog
cj
n

� �q ;
where n1j	1 þ n2j	2 þ . . .þ nkj	k
¼ max

j1 j2 ...jk2S

Pk
i¼1niji ðj	1j	2 . . . j	k 2 SÞ and S ¼ fj1j2 . . . jkjj1; j2; . . . ; jk 2 f1;2; . . . ; kg; ji – jt for i– tg is a

set of all permutations of 1;2; . . . ; k. We consider that the higher the values of AC PE;RE;ARI and NMI are, the better the clus-
tering solution is.
4.2. Experiments on numeric matrix-object data

We evaluate the k-Mnv-Rep algorithm by conducting experiments on numeric matrix-object data sets. Two parts are
included into this subsection, the introduction of real data sets and the comparison of experimental results by k-Mnv-Rep
algorithm and the other seven algorithms.
4.2.1. The real data sets
As the lack of the public numeric matrix-object data sets, we applied some multi-instance data sets to evaluate the k-

Mnv-Rep algorithm. Some experiments on nine real data sets are made. These data sets are ever processed by Veronika Che-
plygina [9] and can be found on their web site.1 The details are listed in Table 2.

Messidor [10,22] is from the image classification problem. Each image from the original data is split up into patches.
Patches which do not have a sufficient amount of foreground are discarded. Each image can be seen as a matrix-object
and each patch is a feature vector. The original data can be found from two web sites.2,3

Elephant is a data set about images [1]. Each image can be taken as a matrix-object, and each image segment is a feature
vector of the matrix-object. Web2 is from the problem that aims to classify webpage as interesting or not [45]. A webpage
can be viewed as a matrix-object, and the links on the webpage can be taken as the feature vectors.

Mutagenesis [34] and Musk1 [37] are from the drug activity prediction problem. In these data sets, each molecule is seen
as a matrix-object, and each shape of each molecule is viewed as a feature vector. The Mutagenesis data have two versions,
easy (1) and hard (2). For the Musk1, the original data can be downloaded from UCI [2].

Component, Process and Function are from the text categorization problem [29]. Each document corresponds to a matrix-
object and each paragraph to a feature vector in it. Features used are word occurrence frequencies and some statistics about
the nature of the protein-GO code interaction for each paragraph. The original data can be found from a web site.4
://www.miproblems.org.
://messidor.crihan.fr/download.php.
://www.bioimage.ucsb.edu/research/biosegmentation.
://www.biocreative.org/tasks/biocreative-i/task-2-functional-annotations/.

http://www.miproblems.org
http://messidor.crihan.fr/download.php
http://www.bioimage.ucsb.edu/research/biosegmentation
http://www.biocreative.org/tasks/biocreative-i/task-2-functional-annotations/


Table 2
The details of the nine data sets.

Data sets Objects Attributes Records Clusters

Messidor 1200 689 12352 2
Elephant 200 232 1391 2
Web2 75 6521 2219 2

Mutagenesis1 188 9 10486 2
Mutagenesis2 42 9 2132 2

Musk1 92 167 476 2
Component 718 200 13129 2
Process 1240 200 21306 2
Function 770 200 13498 2
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4.2.2. Comparison results
We compared the k-Mnv-Rep algorithm with the BAMIC algorithm with three distances [44], the CAN, PCAN algorithms

[27], the CLR-L1, CLR-L2 algorithms [28] by conducting some experiments on the nine numeric data sets. For the last four
algorithms, their inputs are a data set in which each object is described by a vector. Therefore, we take the mean value of
each matrix-object as the attribute value on each attribute.

In this experiment, we run the eight Algorithms 30 times respectively and take the mean value as the final results. Fur-
thermore, the parameter es is set to the half of standard deviation of X on the sth attribute and the parameter � is set to 0.2 in
the k-Mnv-Rep algorithm.

The comparison results on the nine data sets are shown in Table 3. The left of the signal ‘‘±” denotes the mean value while
the right of it represents the standard deviation. The values of evaluation indexes of these algorithms are ranked for each
data set, the highest value getting the rank 1, the second higher value getting rank 2, . . ., as shown in the parentheses in
Table 3. AvgR represents the average rank of these algorithms on nine data sets.

From Table 3, we can see that AvgR of the k-Mnv-Rep algorithm ranks the first on all evaluation indexes. That is to say, the
k-Mnv-Rep algorithm outperforms other compared algorithms in general. In detail, the k-Mnv-Rep algorithm is better than
the other algorithms on six data sets for each evaluation index. For the rest of three data sets, two of which have the second
higher value on all evaluation indexes. For the data set Function, the k-Mnv-Rep algorithm is only worse than the PCAN algo-
rithm. However, the PCAN algorithm can not be applied in some data sets because of inverse matrix needs to be computed.

In addition, for AC, we can find that the BAMIC-avgH is better than the BAMIC-minH and the BAMIC-maxH on three data
sets while the BAMIC-maxH is better than the BAMIC-minH and the BAMIC-avgH on four data sets. On the rest two data sets,
the BAMIC-minH algorithm performs the best. For the other evaluation indexes, the same problem appears in the BAMIC
algorithm. Therefore, it is difficult for the BAMIC algorithm to find the most appropriate distance from the three distances.

To give a comprehensive comparison, we use the Friedman test and Bonferroni-Dunn test [11] to analyze the differences
of the eight compared algorithms. According to AvgR we can get the average rank of these algorithms for all cases. Suppose

that rji represents the rank of the jth algorithm on the ith case, the average rank of the jth algorithm Rj ¼ 1
B

PB
i¼1r

j
i, where B

represent the number of cases. The Friedman test compares the average ranks of algorithms. As there are A ¼ 8 algorithms
and B ¼ 5 cases (i.e., 5 external criterions), the average rank Rj ð1 6 j 6 8Þ can be computed shown in Table 4. According to
the average ranks, we still know the k-Mnv-Rep algorithm is better than the other seven algorithms.

Under the null-hypothesis, all algorithms are equivalent and so their ranks should be equal (i.e., Rj ¼ 4:5 for eight algo-
rithms). The Friedman test aims to check whether the measured average ranks are significantly different from the mean rank
Rj ¼ 4:5 expected under the null-hypothesis:
v2
F ¼ 12B

AðAþ1Þ
XA
j¼1

R2
j � AðAþ1Þ2

4

" #

¼ 12�5
8�ð8þ1Þ 3:64452 þ 3:73332 þ 3:97782 þ 5:77782

h
þ5:25562 þ 6:14442 þ 6:06672 þ 1:42 � 8�ð8þ1Þ2

4

i

 15:47:
With the eight algorithms, the Friedman statistic is distributed according to the v2
F distribution with A� 1 ¼ 7 degrees of

freedom. The critical value is 14:07 < 15:47, so we reject the null-hypothesis and we think the compared eight algorithms
have significant differences.

Then, we use the Bonferroni-Dunn test to reveal the differences. The critical value is 2.450 when we use a ¼ 0:1 according

to [11]. So the critical difference for nine data sets can be computed as CD ¼ qa
ffiffiffiffiffiffiffiffiffiffiffi
AðAþ1Þ

6N

q
¼ 2:450 �

ffiffiffiffiffiffiffiffiffiffiffiffi
8�ð8þ1Þ

6�9

q

 2:82. N is the num-

ber of data sets. By the critical difference we can identify the algorithms for all cases. If the difference of the average rank is



Table 3
Comparison results of different algorithms on the nine numeric data sets.
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larger than the critical difference CD for two algorithms, we think they are significantly different. Fig. 1 shows the
Bonferroni-Dunn test of eight algorithms in terms of five evaluation indexes. The circles represent the average ranks of algo-
rithms and the length of the bar is the critical difference CD.

From Fig. 1, we can find that the k-Mnv-Rep algorithm has significant difference with the CAN, PCAN, CLR-L1, CLR-L2 algo-
rithms on all indexes, and it can be differentiated with the BAMIC-minH, BAMIC-maxH, BAMIC-avgH algorithms. However,
the BAMIC-minH, BAMIC-maxH, BAMIC-avgH algorithms almost have not differences, and the CAN, PCAN, CLR-L1, CLR-L2
algorithms are almost not differentiated. Furthermore, according to the average ranks, we can learn about the k-Mnv-Rep
performs the best. Above all, the k-Mnv-Rep algorithm outperforms other compared algorithms because it has higher ranks
and bigger differences with those algorithms.
4.3. Experiments on hybrid matrix-object data

Some experiments on hybrid matrix-object data are conducted to evaluate the effectiveness of the k-Mv-Rep algorithm.
Firstly, the real hybrid matrix-object data set is introduced. Then, the comparison results of the k-Mv-Rep algorithm and the
k-prototypes algorithm are given.



Table 4
The average rank of these algorithms on five cases.

BAMIC-minH BAMIC-maxH BAMIC-avgH CAN PCAN CLR-L1 CLR-L2 k-Mnv-Rep

Rj 3.6445 3.7333 3.9778 5.7778 5.2556 6.1444 6.0667 1.4

Fig. 1. The Bonferroni-Dunn test of the k-Mnv-Rep algorithm in terms of five indexes.
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4.3.1. The real hybrid data set
As the lack of the public hybrid matrix-object data sets, we applied the data set Papers5 to evaluate the k-Mv-Rep algo-

rithm. The data set Papers provided by Aminer describes the information of the papers from some authors before 2016. It is
described by 6 attributes, Index, Title, Authors, Year, Journal, Index1. Index1 represents the papers that cites the paper Index. Obvi-
ously, the first author for each paper may publish more than one paper. Suppose that we consider each the first author as an
object, we use the detail records of all his or her papers to describe the object. Furthermore, we use the number of the papers
citing each paper to replace the last attribute Index1. Thus, each author is described by five attributes, Index, Title, Year, Journal,
Cites, and has more than one records. We delete the attribute Index because the values on it are different each other. As the
attributes Title, Year, Journal are three categorical attributes while Cites is a numeric attribute, the new data set can be consid-
ered as a hybrid matrix-object data set and is named as Authors.

Although the data set transformed is a matrix-object data set, it has not label information. To evaluate the proposed algo-
rithm, we need to preprocess the data set to obtain its structure. The multidimensional scaling technique [30] is applied to
visualize the data. The main goal of the technique is to obtain a configuration of n points (rows) in P dimensions (cols) by
passing the n-by-n distance matrix obtained by Eq. (12) to the function mdscale from MATLAB. The Euclidean distances
between n points approximate a monotonic transformation of the corresponding dissimilarities in the n-by-n distance
matrix. Therefore, we can visualize n points to reflect the distribution of the data. To visualize the data, we set P ¼ 2. In most
cases, the distribution of a real data set is generally disordered. By the visualization technology, we can delete some points to
get the relative clear structure of the data.

For the data set Authors, we select objects that are in the range of x < 0:55; y > 0:16 or x < 0:55; y < �0:16 in the coor-
dinate system as a new set after the visualization of initial data set, then visualize the new data in Fig. 2. From the visual
figure, we can intuitively find the number of clusters and obtain the label information of each matrix-object. The Authors
is listed in Table 5.
4.3.2. Comparison results
To our best knowledge, some existed clustering algorithms can not process the hybrid matrix-object data directly. The k-

prototypes algorithm [17] is applied in this subsection. As each matrix-object is a matrix instead of a vector, we need to
transform the matrix-object data set into the required form of the k-prototypes algorithm. For a hybrid matrix-object, we
use the mode to represent the attribute values on the categorical attributes and use the mean value to denote the attribute
values on the numeric attributes. Thus, a hybrid matrix-object is transformed as a vector and the matrix-object data set can
be clustered by the k-prototypes algorithm.

We execute the k-prototypes and the k-Mv-Rep Algorithms 50 times respectively, then take the mean value of the exper-
imental results as the final results. In the k-Mv-Rep algorithm the parameter � is set to 0.2 while in the k-prototypes algo-
5 https://biendata.com/user/login/?next=/competition/scholar/data.

https://biendata.com/user/login/?next=/competition/scholar/data


Fig. 2. The distribution of the data set Authors.

Table 5
The details of the data set Authors.

Objects Attributes Records Clusters

Categorical Numeric

2533 3 1 40624 2

Table 6
Comparison results of different algorithms on the data set Authors.

Algorithms AC PE RE ARI NMI

k-prototypes 0.5349 ± 0.0159 0.5436 ± 0.0176 0.5344 ± 0.0157 0.0055 ± 0.0049 0.0055 ± 0.0041
k-Mv-Rep 0.6534 ± 0.1080 0.6826 ± 0.1131 0.6541 ± 0.1076 0.1405 ± 0.1616 0.1340 ± 0.1382
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rithm c is set to the average standard deviation of all numeric attributes according to [17]. Table 6 shows the comparison
results of the two algorithms on the data set Authors.

We can see from Table 6 that the k-Mv-Rep algorithm is better than the k-prototypes algorithm on the five evaluation
indexes. Furthermore, the AC of the proposed algorithm is approximately 13% more than it of the k-prototypes algorithm.
Therefore, it can be seen that the k-Mv-Rep algorithm is better than the k-prototypes algorithm.

4.4. Impact of �

In the two proposed algorithms, the parameter � is given as a control condition of the program termination. The program
will be stop when the value of the objective function changes less than �. Therefore, different � may result in different clus-
tering results. How to decide the size of � is a very important problem. In this subsection, we executed the two algorithms 30
times respectively with different �, from 0.05 to 0.35 with step 0.05, on the corresponding experimental data sets and
recorded the means of accuracy (AC) and iterations. The details are shown in Figs. 3 and 4. The bold dash dot line depicts
the test results of the k-Mv-rep algorithm on the data set Authors. Those solid lines are obtained by the k-Mnv-rep algorithm
on the nine data sets.

From Fig. 3, we can observe that the AC on the ten data sets has some slight fluctuations with the increasing of �, but
overall they are relatively stable. Meanwhile, from Fig. 4, we can see clearly that the iterations on the ten data all show a
decreasing trend on the whole with the increasing of �. Mostly, the iterations decrease slowly relatively when � > 0:2. In
the two proposed algorithms, higher AC and fewer iterations are expected in each experiment. Combining the AC and the
iterations, we set � ¼ 0:2.

4.5. Test of convergence

To test the convergence of the proposed algorithms, we refer to some algorithms [32,33,43,42]. As a heuristic algorithm is
proposed to update cluster centers in this paper, we give the convergence test of the k-Mnv-rep algorithm and k-Mv-rep
algorithm to ensure the reasonability of the heuristic algorithm. In each experiment, we capture the objective function value



Fig. 3. The AC of the ten data with different �.

Fig. 4. The iterations of the ten data with different �.

Fig. 5. The changes of the objective function value against the iterations for the k-Mv-rep algorithm.
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of each iteration and draw them into a line. Figs. 5 and 6 show the convergence test of algorithms on ten experimental data
sets. We can see that the objective function value is decreasing with the iterations increasing.
5. Scalability study on synthetic data

In this section, we make a scalability test of the k-Mnv-Rep algorithm on synthetic data. The algorithm used to generate
numeric matrix-object synthetic data is proposed, and the scalability of the k-Mnv-Rep algorithm on synthetic data sets is
demonstrated.

5.1. The generating method of synthetic matrix-object data sets

Let X denote a set of n matrix-objects fX1;X2; . . . ;Xng to be generated with m attributes fA1;A2; . . . ;Amg. We use the fol-
lowing parameters to generate the synthetic data set X with k clusters C ¼ fC1;C2; . . . ;Ckg, and we make each cluster iden-
tifiable from other clusters:



Fig. 6. The changes of the objective function value against the iterations for the k-Mnv-rep algorithm.
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� k: the number of clusters to be generated in X;
� L: the maximum number of records in each matrix-object;
� nl: the number of matrix-objects in Clð1 6 l 6 kÞ;
� mls; sls: the mean value and standard deviation of Cl on the sth attribute;

To simplicity, we set nl to be the same value when 1 6 l 6 k. Then the records in Cl can be generated to satisfy the distribu-
tion of mean value mls and standard deviation sls on the sth attribute. In the same way, the records in Cl0 ð1 6 l0 6 k; l0 – lÞ can
be generated. The number of records is set to the maximum value nl � L for each cluster. In addition, the ratio 8:2 is applied
to select records in each matrix-object that makes the distribution of data becomemore reasonable in real world. In this way,
most of records in an object meet the same distribution while a small number of records may be from other clusters. To gen-
erate a matrix-object Xi in the cluster Cl, we perform the following steps.

(1) Randomly select a value in f1;2; . . . ; Lg as the number of records of Xi (written as ri);
(2) Randomly select 80%� ri records from Cl as a part of records of Xi;
(3) Randomly select 20%� ri records from fC1;C2; . . . ;Ckg as the rest of records of Xi.
(4) Repeat Step 1, 2, 3 to generate all matrix-objects for the cluster Cl and assign the cluster label to all objects in the

cluster.

Repeat the above steps to generate objects for other clusters with different parameters l;mls; sls.

5.2. Scalability study

We test the scalability of the k-Mnv-Rep algorithm with the changing of the number of objects, attributes, clusters, and
records of the data set. The number of records can be described by the maximum number of records in each matrix-object.
The higher the maximum value is, the more the number of records is. A total of 20 synthetic data sets were generated. In
each scalability experiment, the same data set was utilized 20 times, and the execution time was the average of 20 runs.
The experiments were conducted on a PC with an Intel Core i7 CPU (3.6 GHz) and 8 GB of memory. The experimental results
are reported based on four experiments below.

Experiment 1: In this experiment, we set n = 1000, m = 10, k = 2, and L varies from 10 to 50 with a step length of 10. In
addition, attribute values are almost different for each record. Fig. 7 shows the scalability of the k-Mnv-Rep algorithm against
the number of records. We can see that this algorithm was linearly scalable to the number of records. Therefore, the k-Mnv-
Rep algorithm can efficiently cluster data sets with a large number of records.

Experiment 2: In this experiment, we set n = 1000, L = 10, k = 2, and m varies from 10 to 50 with a step length of 10. Fig. 8
shows the scalability of the k-Mnv-Rep algorithm against the number of attributes. We can see that this algorithm was lin-



Fig. 7. The scalability of the k-Mnv-Rep algorithm against the maximum of records in each object.

Fig. 8. The scalability of the k-Mnv-Rep algorithm against the number of attributes.

Fig. 9. The scalability of the k-Mnv-Rep algorithm against the number of clusters.

Fig. 10. The scalability of the k-Mnv-Rep algorithm against the number of matrix-objects.
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early scalable to the number of attributes. Therefore, the k-Mnv-Rep algorithm can efficiently cluster high-dimensional data
sets.

Experiment 3: In this experiment, we set n = 1000, L = 10, m = 10, and k varies from 2 to 10 with a step length of 2. Fig. 9
shows the scalability of the k-Mnv-Rep algorithm against the number of clusters. We can see that this algorithmwas linearly
scalable to the number of clusters. Therefore, the k-Mnv-Rep algorithm scaled well with the number of clusters.

Experiment 4: In this experiment, we set L = 10, m = 10, k = 2, and n varies from 1000 to 5000 with a step length of 1000.
Fig. 10 shows the scalability of the k-Mnv-Rep algorithm against the number of matrix-objects. We can see that this algo-
rithm was linearly scalable to the number of matrix-objects. Therefore, the k-Mnv-Rep algorithm can efficiently cluster a
large number of matrix-objects.

6. Conclusions and future work

The matrix-object data sets extensively exist in numerous engineering applications. How to discover the structure of this
kind of data sets has a significance on mining and analyzing their behavior characteristics. In this paper, we propose a new
dissimilarity measure between two numeric matrix-objects, design a heuristic cluster center identification method and
develop the k-Mnv-Rep algorithm to cluster numeric matrix-object data sets. Furthermore, we investigate the k-Mv-Rep
algorithm to implement the clustering of the hybrid matrix-object data sets. The proposed algorithms are compared with
some existing algorithms and their convergence is tested on real-world data sets. The experimental results have demon-
strated the benefits of these two novel algorithms. We also make some scalability study on numeric synthetic matrix-
object data, which shows that the k-Mnv-Rep algorithm can efficiently process data sets with a large number of records,
matrix-objects, attributes and clusters. Note that the parameter es for computing neighbors of attribute values is usually
obtained by one half of standard deviation of X on the sth attribute. Our future work focuses on how to automatically acquire
its best value according to the distribution of data.
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