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The construction of the neighborhood is a critical problem of manifold learning. Most of manifold learn-
ing algorithms use a stable neighborhood parameter (such as k-NN), but it may not work well for the
entire manifold, since manifold curvature and sampling density may vary over the manifold. Although
some dynamical neighborhood algorithms have been proposed, they are limited by either another global
parameter or an assumption. This paper proposes a new approach to select the dynamical neighborhood
for each point while constructing the tangent subspace based on the sampling density and the manifold
curvature. And the parameters of the approach can be automatically determined by computing the cor-
relation coefficient of the matrices of geodesic distances between pairs of points in input and output
spaces. When we apply it to ISOMAP, the results of experiments on the synthetic data as well as the real
world patterns demonstrate that the proposed approach can efficiently maintain an accurate low dimen-
sional representation of the manifold data with less distortion, and give higher average classification rate
compared to others.

� 2010 Elsevier B.V. All rights reserved.
1. Introduction

Real-world data is often represented in high-dimensional
spaces, and hence is very difficult to understand and analyze. In or-
der to discover their structure, the dimensionality reduction tech-
niques are very challenging in machine learning. Traditional
dimensionality reduction techniques such as PCA (Jolliffe, 1986)
and MDS (Steyvers, 2002) usually work well when the data points
lie close to some linear (affine) subspace in the input space while
tending to fail to detect nonlinear structures of the data set.
Recently, many algorithms have been developed to deal with the
nonlinear manifold data, such as ISOMAP (Tenenbaum et al.,
2000) and LLE (Roweis and Saul, 2000). These algorithms just differ
in the geometric signatures of manifolds that they attempt to
estimate and preserve, and they share the same basic steps: (i) con-
structing neighborhood in the input space; (ii) computing a square
matrix with as many rows as elements in the input data set; (iii) cal-
culating spectral embedding using the eigenvectors of this matrix.

The first step, the construction of the neighborhood, is critical as
the last two steps heavily depend on how well the constructed
neighborhood represents the underlying data manifold. Two
formulations are commonly used: k-nearest neighbors (k-NN)
ll rights reserved.
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or e-hyper sphere. The k-NN version is more common since the
sparseness of the resulting structures is guaranteed. But there are
a number of problems associated with the choice of the stable
parameter k. A large number of nearest neighbors easily makes
them fail to nicely deal with the highly twisted and folded mani-
fold, as where the neighborhood may not be linear so that in the
determined neighborhoods the short circuits often occur. The short
circuits mean that some neighbors of one point come from other
different folds so that these neighbors are not the nearest ones
on manifold (Wen, 2009). In contrast, too small a neighborhood
can falsely estimate the relationships between the points and their
neighbors, even divide the continuous manifold into disjoint sub-
manifolds. So the choice of an appropriate k is a difficult task and
only weak heuristics can be stated. There are some works on
choosing the optimal neighborhood parameter automatically. For
example, Kouropteva et al. (2002) present an automatic algorithm
used to detect the optimal value of this parameter for LLE. Samko
et al. (2006) extends this idea to choose the optimal number of
neighbors for ISOMAP. There are also other algorithms to get the
optimal value of the parameter (Yang, 2005; Geng et al., 2005;
Wen et al., 2007, 2008). However, it is not suitable to take the same
neighborhood size for all points on the unevenly distributed
manifold, because the selection of the neighborhood should be
data-driven and depend on such factors as curvature and density.
Since curvature and density may vary over the manifold, one global
setting may not work well for the entire manifold.
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At present, there are some algorithms that dynamically deter-
mine the local neighborhood for each point. Wang et al. (2004)
proposes an adaptive neighborhood selection based on the ratios
of the square of the singular values. But the algorithm needs a
user-specified threshold g. Because the threshold g is global, it
leads to the adaptive neighborhood according to the same curva-
ture and density at each point. Nathan et al. (2006) estimates the
local tangent subspace based on the local sampling density and
gets a threshold eT 1ðxiÞ at the same time. If the projection of the
near points in the direction of the normal is less than the threshold,
the points are selected to be neighbors. But the approach gets the
threshold on the assumption that the sampling condition is ideal.
That is to say, there must be enough sampling data with relatively
constant curvature and uniform sampling density. So it is not suit-
able for real-world data sets. Karina et al. (2007) proposes another
approach to propagate the tangent subspace from the point with
lower curvature to whole manifold. The neighbors of each point
only can have a little deviation angle to the tangent subspace
and their distances to the point can not bigger than a global
distance threshold e. Although the tangent subspaces estimated
by the approach are more accurate, the manifold is divided into
disjoint sub-manifolds because of the irrational threshold1 of the
deviation angles and distances.

This paper proposes another approach to dynamically deter-
mine the neighborhood for each point on manifold while con-
structing the tangent subspace based on the sampling density
and manifold curvature. The neighbors determined by the ap-
proach are not the sequential points, but the points with smaller
deviation angles and deviation distances to the tangent subspaces.
And the parameters of the approach can be automatically deter-
mined by computing the correlation coefficient of the matrices of
geodesic distances between pairs of points in input and output
spaces. When we apply it to ISOMAP, the results of the experi-
ments on synthetic data as well as real-world patterns demon-
strate that the proposed method can efficiently maintain an
accurate low dimensional representation of the manifold data with
less distortion, and give higher average classification rate com-
pared to others.

The rest of the paper is organized as follows: Section 2 reviews
the related works. Section 3 discusses our proposed dynamical
neighborhood selection in detail. Section 4 presents the experi-
mental results on some synthetic data and real-world data sets,
and finally Section 5 concludes with a discussion.

2. Related works

Suppose that M� RD is a smooth manifold. The tangent sub-
space TiðMÞ well defined at each point xi 2M is a linear space,
whose elements are called tangent vectors at xi. If Ni is the neigh-
borhood of xi, each point xðiÞj 2 Ni has a unique closet point yðiÞj 2
TiðMÞ and the implied mapping xðiÞj ! yðiÞj is smooth. Thinking of
TiðMÞ as an affine subspace of RD which is tangent toM at xi, with
the origin 0 2 TiðMÞ identified with xi 2M. According to HLLE
(Donoho and Grimes, 2003) and LTSA (Zhang and Zha, 2004), the
tangent subspace TiðMÞ can be estimated by performing a singular

value decomposition (SVD) of xðiÞ1 ; . . . ; xðiÞki

h i
� xi1

T , where 1 ¼
½1; . . . ;1�T 2 Rki is a vector of ones and ki is the number of Ni. Then
we get matrices U, D = diag(k1, . . . ,kD) and V. k1 P � � �P
kd � � �P kDi

are the singular values resulting from the singular value
decomposition. Ui(i = 1, . . . ,D) is the basis of the tangent subspace
Fig. 1. (a) short circuit occur when a4 is looked as the neighbor of a1; (b) the
geometric distances dg(a4,a1) is magnified to be dg(a3,a1) + dg(a4,a3).

1 ‘‘Irrational threshold” means that the threshold of the deviation angles makes the
algorithm only can be fit for 2-dimensional or 3-dimensional datasets, and the
threshold of the distances makes the algorithm is limited by another globa
parameter.
l

TiðMÞ and the first d columns of V give the tangent coordinates of
points xðiÞj 2 Ni, where d is the intrinsic dimension of the manifold.

The improved ISOMAP proposed by Nathan et al. (2006) esti-
mates the local tangent subspace based on the SVD and the local
sampling density. If the neighborhood of xi approximately is d-
dimension hyper-plane, kd must be sufficiently high and kd+1 low.
Under the ideal sampling condition (that is to say, there are enough
sampling data with relatively constant curvature and uniform sam-
pling density), if r is the expected radius of the neighborhood, the
volume of the d-dimensional hyper-sphere is pd=2rd C d

2þ 1
� �� ��1

.
The expected number of observations N(r) in the hyper-sphere
follows,

E½NðrÞ� / rd and TNðrÞðxiÞ � r ð1Þ

then

eT 1ðxiÞ ¼ ð1=kÞð1=dÞTkðxiÞ ¼ ð1=kÞð1=dÞ xðiÞk � xi

��� ���
2

ð2Þ

where eT 1ðxiÞ estimates the radius of the hyper-plane only including
xi. When incrementally growing the nearest neighbors of xi itera-
tively, the local tangent subspace is constructed until kd P eT 1ðxiÞ.
Then the near points are continually added to the neighborhood until

I� UiU
T
i

� �
xðiÞj � xi

� ���� ���
2

P eT 1ðxiÞ: ð3Þ

The algorithm approximately estimates the local sampling density
under ideal sampling condition and the local tangent subspace to
select the neighborhood. So its performance on synthetic data sets
with relatively constant curvature and uniform sampling (such as
the Swiss-roll, S-curve) matches that of ISOMAP with manually-
selected optimal values of k. But when they are highly twisted
and folded or sparsely sampled, the estimated values of eT 1ðxiÞ are
too large and the short circuits still easily occur. And the estimated
values of eT 1ðxiÞ on real-world data sets are so large that the condi-

tions of kd P eT 1ðxiÞ and I� UiU
T
i

� �
xðiÞj � xi

� ���� ���
2

P eT 1ðxiÞ always

can not be satisfied and the neighborhood can not be determined.

3. The dynamical neighborhood selection

To avoid short circuits, we can reduce the neighborhood param-
eter k or the value of eT 1ðxiÞ (see Fig. 1 (a)). But simply reduction of
the neighborhood may lead to the inaccurate of the embedding re-
sults (see Fig. 1(b)). Here we propose another approach to dynam-
ically determine the neighborhood for each point on manifold. The
short circuits can be excluded by approximately estimating there
deviation angles to tangent subspace and adjusting the threshold
of eT 1ðxiÞ.

If the manifold is continuous and sufficiently well sampled,
small patches can be approximated as linear according to Taylor’s
theorem. Each data point and its neighbors should lie on or be close
to the locally linear patch. When the patch is approximately looked
as the tangent subspace of the point, the deviation angles of the
neighbors to the tangent subspace must be smaller while those
of the near point leading to short circuit must be larger. That is



204 X. Gao, J. Liang / Pattern Recognition Letters 32 (2011) 202–209
to say, if the deviation angle hj of the near point xj to the tangent
subspace of the point xi 2 M are smaller than ~h, xj is determined
to be the neighbor of xi, otherwise it would be excluded to avoid
short circuit.

Our technique also uses SVD to compute the tangent subspace
and supposes that the nearest d + 1 points are neighbors of each
point xi 2M, where d is the intrinsic dimension of the manifold.
When growing the nearer point xj of xi iteratively, the deviation
angle hj is estimated as follows:

hj ¼ arcsin
UT

dþ1 xðiÞj � xi

� ���� ���
2
� UT

d xðiÞj � xi

� ���� ���
2

xðiÞj � xi

� ���� ���
2

< ~h ð4Þ

where Ud is the basis of the tangent subspace corresponding to the d
highest singular values, and ~h is a little angle (such as 20 degrees).
Because hj is smaller, the average manifold curvature of xi can be
approximately estimated by Ci ¼

Pki
j¼1

hj

xðiÞ
j
�xi

��� ���
2

. The larger the man-

ifold curvature of the point is, the larger hj should be, but the fewer
the neighbors selected by hj < ~h would be. In contrast, the smaller
the curvature of the point is, the smaller hj should be, the more
the neighbors would be.

After eliminating the near points with larger deviation angle,
the value of eT 1ðxiÞ may be further magnified because of the reduc-
tion of the neighborhood size. In order to get the threshold of devi-
ation distance of the neighborhood, the value of eT 1ðxiÞ should be
less than a real minimum distance and a relaxation factor is used
to adjust it. So the value of eT 1ðxiÞ is defined as follows:

eT 1ðxiÞ ¼ n �min ð1=kÞð1=dÞ xðiÞk � xi

��� ���
2
; xðiÞ1 � xi

��� ���
2

n o
ð5Þ

where xðiÞ1 � xi

��� ���
2

is the Euclidean distance from xi to its nearest
neighbor, and n is the relaxation factor whose range is (0,1]. So
the threshold of deviation distance for each point xi is

I� UiU
T
i

� �
xðiÞj � xi

� ���� ���
2
< eT 1ðxiÞ: ð6Þ

Algorithm 1. dynamicalNeighborhood(X,d,~h,n)

Input: {x1, . . . ,xn}, a collection of n points in RD;
Parameters: d is the intrinsic dimension of the manifold; ~h is

the threshold of the deviation angle; n is a relaxation factor.
1: for every xi 2 M
2: set the d + 1 nearest points to Ni;
3: flag = 1;
4: for j = d + 2:N
5: if (flag)

6: compute eT 1ðxiÞ using Eq. (5);
7: SVD and get kd and Ui;

8: if ðkd >
eT 1ðxiÞÞ

9: flag = 0;
10: end;
11: end;
12: xj is the j nearest point;
13: compute hj using Eq. (4);

14: if (hj < ~h & I� UiU
T
i

� �
xðiÞj � xi

� ���� ���
2
< eT 1ðxiÞ)

15: set Ni = Ni [ {xj};

16: else if I� UiU
T
i

� �
xðiÞj � xi

� ���� ���
2

P eT 1ðxiÞ
� �

17: break;
18: end;
19: end;
20: end;
So the point xj is added to the neighborhood of xi iteratively if

and only if hj < ~h and I� UiU
T
i

� �
xðiÞj � xi

� ���� ���
2
< eT 1ðxiÞ, as described

in Algorithm 1.
When setting the precision of n (such as 0.1), the optimal value

of the parameter n can be automatically determined by computing
the correlation coefficient of the matrices of geodesic distance be-
tween pairs of points in input and output spaces.

nopt ¼ argminn 1� q2
DX DY

� �
ð7Þ

where DX is the matrices of geodesic distances between pairs of
points in input space and DY is the matrices of Euclidean distances
between pairs of points in output spaces, respectively, and q is the
standard linear correlation coefficient, taken over all entries of DX

and DY. The optimal value of ~h also can be chosen by using the same
approach. In experiments, we have found that the influence of dif-
ferent ~h on the embedding result is less. In order to improve the
time complexity of running the whole algorithm, we directly set a
little value to it (such as 20 or 30 degrees).

Generally some optimal approaches of neighborhood are ap-
plied to the ISOMAP algorithm to test their performance. Without
loss of generality, we also apply our technique to improve basic
ISOMAP algorithm, and then compute the optimal parameter nopt.
Furthermore, we denote this improved ISOMAP version as D-
ISOMAP, as described in Algorithm 2.

Algorithm 2. D-ISOMAP (X,d,~hÞ

1: precision = 0.1;
2: factor = 1;
3: corrCo = 0;
4: while (start > precision)
5: DY = dynamicalNeighborhood (X,d,~h, factor);
6: newCorrCo = logð1� q2

DX DY
Þ;

7: if (newCorrCo < corrCo)
8: corrCo = newCorrCo;
9: factor = factor - precision;
10: else
11: break;
12: end;
13: end;
4. Experimental results

To verify the effectiveness of the proposed D-ISOMAP, two parts
of experiments are respectively conducted on the synthetic and
real-world data sets. Firstly, samples were randomly taken from
the Swiss roll with hole and experiments were conducted on (1)
well sampled data, (2) sparse data and highly folded manifold data,
and (3) noisy data. The embedding results of D-ISOMAP are com-
pared with those of ISOMAP and the improved ISOMAP (proposed
by Nathan et al.), and the residual variances are regarded as the er-
ror measure. Secondly, the D-ISOMAP algorithm is further tested
on three real-world data sets. The Frey face database and CMU
hand image dataset are used for data visualization, while the
MNIST dataset is used for classification. The k-NN and Adaboost
(FREUND and SCHAPIRE, 1996) are respectively used as classifiers.
Finally, the time complexity is analyzed as an indispensable part.

4.1. Experiments on the synthetic manifold data

4.1.1. Experiment 1: on well sampled data sets
800 points are sampled randomly from the Swiss roll with hole.

The embedding results of ISOMAP, the improved ISOMAP and
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D-ISOMAP are shown in Fig. 2 (a) and their titles show the values of
parameters. For example, the title ‘D-ISOMAP (20/0.8)’ indicates
that the parameter ~h takes 20 degrees and nopt = 0.8. It can be
observed from Fig. 2 (b) and (c) that (1) D-ISOMAP outperforms
ISOMAP and the improved ISOMAP in terms of the embedding re-
sults and residual variances; (2) the angle ~h can not be set seriously
(such as ~h ¼ 10Þ, or else the bias of the embedding result is still
large; (3) when ~h is in a suitable range (such as ~h 2 ½20;30�Þ, its
influence to the embedding results is small; (4) when there are en-
ough sampling data with relatively constant curvature and uni-
form sampling density, the value of n can be 1; (5) the residual
variances of D-ISOMAP with the optimal parameters is obviously
less than the minimum residual variance of ISOMAP and improved
ISOMAP.
4.1.2. Experiment 2: on sparsely sampled data sets and highly folded
manifold data sets

Generally, in sparsely sampled data set, the Euclidean distance
between points in neighborhood becomes larger as compared to
the distance between different folds of the manifold. This easily in-
duces the short-circuit problem (Wen et al., 2009). When 300
points were randomly sampled from the Swiss roll with hole, the
D-ISOMAP still can get accurate embedding results while ISOMAP
and the improved ISOMAP fail (see Fig. 3). The experimental results
validate the theoretical model, in which D-ISOMAP can avoid the
short circuits better using the suitable thresholds of the deviation
angle and distance.

In highly twisted and folded manifold data sets, the short cir-
cuits also easily occur. We modify the definition of the Swiss roll
with hole and have it highly folded. And then 800 points are ran-
domly sampled from it. Fig. 4 shows that D-ISOMAP still can solve
short-circuits problem better.

The experimental results shows that (1) D-ISOMAP outperforms
ISOMAP and the improved ISOMAP, especially when the short cir-
cuits easily occur; (2) the improved ISOMAP does not solve short
Fig. 2. Comparing the embedding results and the residual variances of ISOMAP, improve
roll with hole: (a) the optimal embedding results of different approaches; (b) the residu
with the value of ~h and n.
circuits when the manifold curvature is not relatively constant
(i.e. highly folded manifold data) or the sampling density is not
uniform (i.e. sparse data); (3) when data is sparse or manifold is
highly folded, a smaller value should be set to n.

4.1.3. Experiment 3: on enough sampled data sets with noise
To compare the topological stability of ISOMAP, the improved

ISOMAP with that of D-ISOMAP on data sets with noise, we con-
duct the experiments on the Swiss roll with hold. And the data sets
are contaminated by adding random Gaussian noise where the
mean of noise is 0 and the variance is 0.4. The experiments results
are shown in Fig. 5. It can be observed that D-ISOMAP can restrain
noise affects and robustly reduce dimensionality.

4.2. Experiments on real-world data sets

The threshold eT 1ðxiÞ is to estimates the radius of the hyper-
plane only including xi. In the improved ISOMAP algorithm, the
threshold of neighborhood distances is defined to be eT 1ðxiÞ ¼
ð1=kÞð1=dÞ xðiÞk � xi

��� ���
2
. Because the real-world data sets are high-

dimensional, the value of eT 1ðxiÞ is always larger than the distance
between xi and its nearest neighbor. That is to say, the value ofeT 1ðxiÞ deviates its implication. So the improved ISOMAP algorithm
always fails to construct the embedding results of real-world data
sets, and we only need to compare ISOMAP with D-ISOMAP in this
part.

4.2.1. Data visualization
The Frey face dataset includes 1096 face images of a signal per-

son, and each image is 20 � 28 grayscale. Some typical images are
shown in Fig. 6 (a) and its 2-dimension embedding results are
shown in the (b) and (c). The red point represents the projection
of the original input image and some samples superimposed on
the data points. We can see that each coordinate axis of the embed-
ding correlates highly with a degree of freedom underlying the
d ISOMAP and D-ISOMAP on the data set with 800 points well sampled from Swiss
al variance varying with the neighborhood size k; (c) the residual variance varying



Fig. 3. Comparing the embedding results and residual variances of ISOMAP, improved ISOMAP and D-ISOMAP on the data set with 300 points sparsely sampled from Swiss
roll with hole: (a) the optimal embedding results of different approaches; (b) the residual variance varying with the neighborhood size k; (c) the residual variance varying
with the value of ~h and n.

Fig. 4. Comparing the embedding results and residual variances of ISOMAP, improved ISOMAP and D-ISOMAP on the data set with 800 points sampled from highly folded
Swiss roll with hole: (a) the optimal embedding results of different approaches; (b) the residual variance varying with the neighborhood size k; (c) the residual variance
varying with the value of ~h and n.
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original data: the x-axis represents the left–right pose of the faces
in these images, and the y-axis represents the expression of the
faces in these images. The optimal parameter of ISOMAP is k = 8
and its residual variance is 0.1635. The optimal parameter of D-
ISOMAP is nopt = 0.8 and ~h ¼ 20, and its residual variance is
0.1612. The error rate of D-ISOMAP is less than that of ISOMAP.

CMU hands dataset includes a motion sequence with 481 images
of a hand holding a rice bowl under overcast sky. Each image is



Fig. 5. Comparing the embedding results of ISOMAP, improved ISOMAP and D-ISOMAP on the data set with 800 points sampled from Swiss roll with holl with noise (the
mean of the noise is 0 and variance is 0.4): (a) the optimal embedding results of different approaches; (b) the residual variance varying with the neighborhood size k; (c) the
residual variance varying with the value of ~h and n.

Fig. 6. 2D visualization of Frey faces. (a) typical Frey faces; (b) data visualization of Frey faces using ISOMAP (k = 8); (c) data visualization of Frey faces using D-ISOMAP
ðnopr ¼ 0:8; ~h ¼ 20Þ.

X. Gao, J. Liang / Pattern Recognition Letters 32 (2011) 202–209 207
480 � 512 grayscale, but for computing flexibility, we reduce
images in 30 � 32 grayscale. So the dataset can be seen as 481 points
in a 960 high dimensional space. Some typical images are shown in
Fig. 7 (a) and its 2-dimension embedding results are shown in (b)
and (c). The optimal parameter of ISOMAP is k = 8 and its residual
variance is 6.8546e-005. The optimal parameter of D-ISOMAP is
nopt = 0.9 and ~h ¼ 20, and its residual variance is 4.8710e-005. The
error rate of D-ISOMAP is still less than that of ISOMAP.



Fig. 7. 2D visualization of CMU hands database. (a) typical CMU hand images; (b) data visualization of CMU hands database using ISOMAP (k = 8); (c) data visualization of
CMU hands database using DISOMAP ðnopr ¼ 0:9; ~h ¼ 20Þ.

Fig. 8. Typical MNIST digits: (a) typical ‘2’, ‘3’, ‘5’ and ‘6’ images; (b) typical ‘1’ and ‘7’ images.

Table 1
Comparision of the classification accuracies of the embedding results of MNIST. The
mean classification accuracies of k-NN (k = 15) are shown in the first line. The mean
classification rates of AdaBoost are shown in the second line.

Algorithms

PCA ISOMAP D-ISOMAP

15-NN 0.6752 0.9024 0.9248
AdaBoost 0.6527 0.8122 0.8421
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4.2.2. Classification of MNIST dataset
The MNIST database of handwritten digits has a training set of

60000 examples and a test set of 10000 examples. The digits have
been size-normalized and centered in 28 � 28 pixels grayscale
images. The dataset is comprised of handwriting digit 0 	 9 with
its category information. In the first classification experiment, the
k-NN classifier in L_2 norm sense is used for classification of MNIST
dataset because of its simplicity. To counter the memory constraint
problem of MATLAB, 800 different ‘2’, ‘3’, ‘5’ and ‘6’ images are
randomly selected from the training set, while all of the corre-
sponding ‘2’, ‘3’, ‘5’ and ‘6’ images are selected from the testing
set (see Fig. 8 (a)). Then PCA, ISOMAP (k = 8) and the proposed
D-ISOMAP (0.8/20) are performed on the data set ten times, and
the mean classification accuracies of k-NN (k = 15) are shown
in the first line of Table 1. In the second classification experiment,
the MNIST database is transformed into a two-class problem by
restricting the classification to digits ‘1’ and ‘7’. Original AdaBoost
algorithm is used for classification of the two-class MNIST dataset.
So 1000 different ‘1’ and ‘7’ are randomly selected from the train-
ing set, while all of the ‘1’ and ‘7’ are used as the testing set (see
Fig. 8 (b)). The mean classification rates are shown in the second
line of Table 1.
Because the intrinsic dimension d is too small, PCA can not give
satisfactory results in the experiment as so much energy is lost in
eigen-values. The manifold learning algorithms are effective on the
data set, which shows the superiority of manifold learning meth-
ods. The average classification accuracies of D-ISOMAP are
0.9248 and 0.8421, better than the results of the other algorithms.
4.3. Time complexity

For each point on the manifold, computing the neighborhood
approximately needs O(ki) calculations. Thus the time complexity



Table 2
Comparison of average time complexity(s).

N = 500 N = 1000 N = 1500 N = 2000 N = 2500

ISOMAP 15.5612 73.7481 189.3108 369.5241 721.4587
D-ISOMAP 16.0658 76.1660 196.6101 384.2458 751.2456
Growth rate 3.14% 3.18% 3.71% 3.83% 3.97%

X. Gao, J. Liang / Pattern Recognition Letters 32 (2011) 202–209 209
of finding the whole neighborhood is O
PN

i¼1ki

� �
. We generate five

data sets with the same size randomly sampled from Swiss-roll
with hole, and respectively run ISOMAP and D-ISOMAP on those
data sets with different sizes: 500, 1000, 1500, 2000 and 2500. It
can be observed from Table 2 that (1) the time complexity of find-
ing the neighborhood is linear; (2) even on the large-scale data set,
the time complexity of D-ISOMAP is larger than ISOMAP slightly.

5. Conclusion

The selection of neighborhood is an important step for manifold
learning and depends on some factors. The paper has proposed an
approach to select dynamically a proper neighborhood for each
point while constructing the tangent subspace based on manifold
curvature and sampling density. The experimental results show
that (i) the proposed approach excludes the short circuits effec-
tively while avoiding disjoint neighborhood; (ii) the proposed algo-
rithm outperforms ISOMAP and the improved ISOMAP in terms of
embedding results and residual variances, even on the sparsely
sampled data or the sampled data with noise; (iii) the data visual-
ization and classification of real-world data sets also validate its
effectiveness; (v) the time complexity of the algorithm is linear
and the whole running time is controllable. So the proposed
dynamical neighborhood algorithm presents an inspiration for
manifold learning, and it is believed that the proposed algorithm
should stimulate a much wider application of manifold learning
methods. However, our method still has some shortcomings. For
example, the determination of the parameters is still a complicated
work. In the future we will improve the approach and extend it to
some other algorithms.
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