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Fuzzy rough set is a theoretical framework of fuzzy uncertainty management, and discernibility matrix
offers a mathematical foundation for algorithm construction of feature learning. The approaches of fuzzy
rough set and discernibility matrix have been successfully applied in single-label learning. However, few
works have been done on investigating the foundation of fuzzy rough discernibility matrix on multi-label
data. There will be two pivotal problems to be addressed when using fuzzy rough discernibility matrix for
multi-label data analysis. One is how to extract sample-level and label-level correlations; and the other is
how to utilize the discernibility matrix for algorithm construction. For this reason, in this paper the fuzzy
rough discrimination matrix is introduced to deal with the problem of multi-label feature selection. First,
the significance of labels in the label space is captured based on the label correlation. Labels with differ-
ent significances contribute to different weights for measuring the similarity between samples. Hence, a
sample similarity matrix in the label space is computed based on the label weighting strategy. Then, a
framework of a fuzzy decision system is formalized, in which the discernibility matrix of fuzzy rough sets
is introduced as a foundation to evaluate the sample discrimination ability of features. Under the dis-
cernibility matrix criterion, a multi-label learning algorithm is developed to select discriminative features
from multi-label data. A series of experimental analysis verifies the effectiveness and efficiency of the
proposed method.

� 2021 Elsevier B.V. All rights reserved.
1. Introduction

In recent years, multi-label learning has rapidly expanded in
various real-word domains such as image annotation, text catego-
rization and medical diagnosis [1,2]. In multi-label learning, a sam-
ple is usually associated with multiple class labels simultaneously
rather than a single one, and the main purpose of learning is to
construct a classifier that can accurately predict the possible label
set for test samples.

As we know, the performance of multi-label classification is
strongly influenced by the input features. It is overextended for a
machine when it directly handles high-dimensional data sets with
a huge number of features. In fact, most of features are redundant
and offer repetitive or even no semantic information which may
decrease the classification performance of multi-label learning.
Therefore, feature selection which aims to eliminate irrelevant fea-
tures is an essential pre-processing step to alleviate the curse of
dimensionality and to improve the learning performance. Up to
now, various multi-label feature selection algorithms have been
developed from different viewpoints, such as information metric
[3–6], large margin [7,8], and sparse learning [9–11]. In many
related works, label correlation is an important concern for con-
structing learning models, which can influence the accuracy of
label annotation. According to the order of correlation, the strate-
gies of multi-label learning are roughly divided into three cate-
gories: first-order, second-order and high-order strategies. First-
order strategy treats a multi-label task as a set of single-label ones
and deals with multi-label data in a label-by-label manner.
Second-order strategy takes the pairwise relationship between
labels into account [12–14], which may overlook the interactions

http://crossmark.crossref.org/dialog/?doi=10.1016/j.neucom.2021.09.007&domain=pdf
https://doi.org/10.1016/j.neucom.2021.09.007
mailto:tananhui86@163.com
mailto:ljy@sxu.edu.cn
mailto:wuwz@zjou.edu.cn
mailto:zhangjia_gl@163.com
mailto:sunlin@htu.edu.cn
mailto:sunlin@htu.edu.cn
mailto:chenchao@zjou.edu.cn
https://doi.org/10.1016/j.neucom.2021.09.007
http://www.sciencedirect.com/science/journal/09252312
http://www.elsevier.com/locate/neucom


A. Tan, J. Liang, Wei-Zhi Wu et al. Neurocomputing 465 (2021) 128–140
among the class label subsets. Therefore, high-order strategy is
developed to explore the correlation between one label and the
subsets of class labels [15]. However, high-order approaches are
usually more complex and less effective due to time complexity
and algorithmic adaptability. Furthermore, label correlation can
also be explored from the viewpoints of globality and locality
simultaneously [16], and the local correlation can be captured via
clustering and low-rank embedding.

Most of existing methods related to multi-label learning are
based on the mapping or interaction between the feature space
and the label space [9], while they don’t consider the direct inter-
action of sample distributions between the two spaces. This leads
to the fact that discriminative information hidden in the set of
samples cannot be discovered in some degree. To address this defi-
ciency, in this paper, we propose a sample-oriented multi-label
feature selection method via label weighting and fuzzy rough dis-
crimination. First, the pairwise label correlation is explored, based
on which the weights are assigned for measuring the significance
of each label in the label space. Second, the similarities between
samples in the label space are generated by combing the set of
weighted labels. Third, fuzzy rough discernibility matrix is intro-
duced to discriminate inter-class samples in the framework of
the fuzzy decision system. Finally, a multi-label feature selection
algorithm based on fuzzy rough discrimination is designed, and
experimental results demonstrate that the proposed method is
superior to some state-of-the-art multi-label learning algorithms
for multi-label feature selection.

The rest of this paper is organized as follows. We recall related
notations and construct the sample similarity matrix in the label
space in Section 2. In Section 3, we develop a framework of a fuzzy
decision system, introduce the fuzzy rough discernibility matrix,
and present our algorithm in detail. In Section 4, we analyze the
effectiveness of the proposed method by a series of experiments.
Finally, we summarize the study in Section 5.

1.1. Related work

Feature selection is an essential pre-processing step for many
machine leaning tasks, which aims to delete irrelevant or redun-
dant features so as to speed up the computational progress and
improve the learning accuracy. In recent years, various types of
multi-label feature selection algorithms have been developed.
The algorithms based on information theory [3–5,17] provide scal-
able evaluation for selecting relative features. Lee et al. [3–5] pro-
posed mutual information based multi-label feature selection
methods by maximizing the dependency between selected fea-
tures and labels. Li et al. [19] utilized information theory to evalu-
ate the discrimination information provided by the selected
feature subset. Lin et al. [20] employed mutual information to con-
struct metrical scales by integrating max-dependency and min-
redundancy. Qian et al. [21] transformed multi-label data into
multi-label systems and constructed an information fusion-based
feature selection method.

Sparse learning provides a well-established perspective for
multi-label feature selection. Huang et al. [12] introduced a
label-specific feature selection method, in which each class label
was only determined by a sparse subset of relevant features. Huang
et al. [13] proposed a feature selection method, namely manifold-
based constraint laplacian score. The method first transformed the
original logical labels into numerical ones via manifold learning,
and then calculated the similarity between numerical labels based
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on an affinity matrix between corresponding samples. Zhang and
Wu [9] developed a method that projected the original feature
space into a lower-dimensional one by maximizing the depen-
dence between features and associated class labels. Zhang et al.
[22] constructed a sparse optimization model for multi-label fea-
ture selection based on label manifold and feature manifold. In
the model, the local label-level and sample-level correlations were
captured by embedding the label space and feature space into the
unified lower-dimensional matrix via Laplacian mappings.

Fuzzy rough set [23] and discernibility matrix [24], as two
important tools for uncertainty measurement in granular comput-
ing, have been widely applied in single-label feature selection.
Since they are closely related to our study, we will briefly introduce
them in the following. In fuzzy rough sets, a pair of lower and
upper approximations are defined in terms of fuzzy membership
functions to handling real-valued features. The model encapsulates
both the concepts of fuzziness and indiscernibility for characteriz-
ing the uncertainty hidden in knowledge. Jensen and Shen [25,26]
first proposed the feature selection methods with fuzzy rough sets,
where the approximation qualities of decision classes were mea-
sured based on the fuzzy similarity of samples induced from fea-
tures. Following the work of Jensen and Shen, a series of
evolutionary versions were put forward to improve the algorithmic
efficiency [27–29]. On the other hand, the concept of discernibility
matrix clearly reveals the basic structures of optimal feature sub-
sets under fuzzy rough sets. In the discernibility matrix, each entry
stores a subset of features that can discriminate corresponding
sample pairs. Tsang et al. [30] constructed the discernibility matrix
of fuzzy rough sets and proposed an algorithm using discernibility
matrix to compute all optimal feature subsets. Chen et al. [31]
pointed out that the minimal elements in the discernibility matrix
were sufficient and necessary for constructing optimal feature sub-
sets. Hu et al. [32,33] introduced kernelized fuzzy rough sets to
evaluate the approximation quality and approximation abilities
of features in hybrid and multi-modality data. Zhang et al. [34]
employed the discernibility matrix of fuzzy rough sets to introduce
a type of information entropy for single-label feature selection. By
considering the relevance and diversity between samples simulta-
neously, the first author of this paper [35,36] investigated the dis-
cernibility matrix and feature selection with a generalized
intuitionistic fuzzy rough set. In recent years, the approaches of
fuzzy rough sets have been gradually introduced and improved
to deal with multi-label data. Li et al. [37] developed a multi-
label kernelized fuzzy rough sets for multi-label feature selection.
Lin [38] adopted the mean distance between samples to introduce
a new fuzzy rough set model. The above-mentioned algorithms
mainly utilized the approximations in fuzzy rough set models to
design feature evaluation functions, while they pay less attention
to the discrimination information of samples. Hence, Che et al.
[39] employed the sample discrimination to formulate the correla-
tion between label pairs and developed a discernibility matrix on
special sample pairs. Noticeably, this method treated the labels
equally and divided the samples into two disjoint parts in a
label-by-label manner. In this paper, we introduce a sample dis-
crimination method by using the discernibility matrix of fuzzy
rough sets. To be specific, the similarities between samples are
characterized by weighting the labels according to the diversities
by comparing each label with label subsets. The inter-class dis-
crimination and intra-class aggregation are recognized as criteria
of feature selection based on the discernibility matrix of fuzzy
rough sets (Table 1).



Table 1
Summary of notations used in this paper.

Notations Meaning

n number of samples
p number of features
m number of labels
1m m-dimensional all one row vector
jj � jj1 ‘1-norm
jj � jjF Frobenius norm
Y label matrix
Y ið Þ ith row vector
Y i; jð Þ i; jð Þth entry

YT transpose matrix of matrix YeY reverse matrix satisfying eY i; jð Þ ¼ 1� Y i; jð Þ
ø Hadamard division (entry-wise division)
CL label correlation matrix
SS sample similarity matrix
wL label weighting vector
w ið Þ ith entry of vector w
Rw diagonal matrix of vector w satisfying Rw i; ið Þ ¼ w ið Þ
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2. The sample similarity matrix of multi-label data

In this section, we first review basic notations in multi-label
learning. Then, the weighting method of labels is proposed based
on pairwise label correlation, and the sample similarity matrix in
the label space is produced by combing the weights of related class
labels. Notations used are summarized in Table 1

A multi-label data set is denoted by MLD ¼< U; F; L >, where
U ¼ x1; x2; � � �; xnf g is the universe of n samples, F ¼ f 1; f 2; � � �; f p

� �
is the set of p features, and L ¼ l1; l2; � � �; lmf g is the set of m class
labels. Assume that Y 2 0;1f gn�m is the ground-truth label matrix,
and Y ið Þ is the label vector of sample xi. If Y i; jð Þ ¼ 1, then xi is asso-
ciated with label lj; otherwise Y i; jð Þ ¼ 0.

Suppose CL 2 Rm�m is the label correlation matrix. According to
the assumption of label manifold, each label theoretically can be
recovered by its neighboring labels. This assumption suggests us
to induce the following optimization problem:

min
CL ;Y0

jjY0jj1
s:t: Y ¼ YCL þ Y0

ð1Þ

Here, Y0 2 Rn�m retains the noise labeling information which is
constrained to be sparse by using the ‘1-norm. Each column of CL

contains the label correlation w.r.t. one label and each entry of CL

measures the similarity between a pair of labels. The larger the
value is, the stronger the correlation between two labels is.

The above optimization problem is with a smooth convex loss
function involving ‘1-norm regularization. To solve the above prob-
lem, the augmented Lagrange multiplier method [40] is adopted to
induce the following Lagrange function:

min
CL ;Y0

jjY0jj1þ < A;YCL þ Y0 � Y > þl
2
jjYCL þ Y0 � Y jj2F ð2Þ

where A 2 Rn�m is a Lagrange multiplier matrix, l is a penalty
parameter, and jj � jjF is the Frobenius norm of a matrix.

According to the LADMAP method [41], Eq. (2) can be rewritten
as

min
CL ;Y0

jjY0jj1 þ
l
2
jjYCL þ Y0 � Y þ A

l
jj2F ð3Þ

Specially, when Y0 is fixed, the optimal solution of CL is calcu-
lated as

CL ¼ YTY
� ��1

YTY0 � YTY þ YT A
l

� �
ð4Þ
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The optimizing rule for Y0 can be calculated based on the
element-wise shrinkage operator [42] such that:

Y0 ¼ S1
l

Y � YCL � A
l

� �
ð5Þ

where S is the element-wise shrinkage operator [42], which is
defined as Sw að Þ ¼ a�wð Þþ � �a�wð Þþ.

The Lagrange multiplier matrix A and the parameter l at the t-
th iteration are updated as:

Atþ1 ¼ At þ ltþ1 Y � YCL � Y0ð Þ
ltþ1 ¼min lmax;qlt

� 	 ð6Þ

where q is a positive scalar.
The label correlation matrix records the pairwise correlation of

labels, based on which the weights for measuring the significance
of labels are defined as follows.

Definition 1. Let MLD ¼< U; F; L > be a multi-label data set and CL

the label correlation matrix. Denote the label weighting vector
wL 2 R1�m as

wL ¼ 1m
fCL

� �
= 1m

fCL1
T
m

� �
ð7Þ

where fCL 2 R1�m is the reverse matrix of CL satisfying thatfCL i; jð Þ ¼ 1� CL i; jð Þ.
In Definition 1, the semantics of the numerator and denomina-

tor for calculating wL can be explained as follows.

Property 1. (1) 1m
fCL

� �
ið Þ ¼Pm

k¼1fCL k; ið Þ;
(2) 1m

fCL1
T
m ¼

Pm
i¼1
Pm

k¼1fCL k; ið Þ;
(3)

Pm
i¼1wL ið Þ ¼ 1.
Proof. (1) It holds that 1m
fCL

� �
ið Þ ¼Pm

k¼11�fCL k; ið Þ ¼Pm
k¼1
fCL

k; ið Þ.
(2) and (3) are not hard to be induced from (1). �

We see from Property 1 that 1m
fCL

� �
ið Þ is the total diversity of

label li compared with all the other labels. The larger the value of

1m
fCL

� �
ið Þ is, the more information the label li takes when deleting

it from the label space. In other words, wL ið Þ is the weight assigned
to label li, which is in accordance with the specific of the label in
the label space.

Labels with different weights have different contributions to
measuring the similarity between samples. The labels assigned
with greater weights would contribute to greater significance
when calculating the similarity of samples. Based on this idea,
the sample similarity matrix is introduced as follows.

Definition 2. LetMLD ¼< U; F; L > be a multi-label data set and wL

the label weighting vector. We define the sample similarity matrix
SS 2 Rn�n in the label space as

SS ¼ YRwLY
T

� �
ø 1T

n1n � eYRwL

fYT
� �

ð8Þ

where Rw is the diagonal matrix of vector w satisfying
Rw i; ið Þ ¼ w ið Þ.

In Definition 2, each entry SS i; jð Þ represents the similarity
degree between samples xi and xj. To clearly illustrate the seman-
tics of the sample similarity matrix, we state the following
conclusions.
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Theorem 1. The following statements hold.

(1) YRWLY
T

� �
i; jð Þ ¼P wL kð ÞjY i; kð Þ ¼ 1 ^ Y j; kð Þ ¼ 1;1 6 k 6 mf g;

(2) eYRwL

fYT i; jð Þ ¼P wL kð ÞjY i; kð Þ ¼ 0 ^ Y j; kð Þ ¼ 0;1 6 k 6 mf g;
(3) 1T

n1n � eYRwL

fYT
� �

i; jð Þ ¼P
wL kð ÞjY i; kð Þ ¼ 1 _ Y j; kð Þ ¼ 1;1 6 k 6 mf g;

(4) SS i; jð Þ ¼
P

wL kð ÞjY i;kð Þ¼1^Y j;kð Þ¼1f gP
wL kð ÞjY i;kð Þ¼1_Y j;kð Þ¼1f g.
Proof. (1) It is not hard to prove that

YRwLY
T

� �
i; jð Þ ¼Pm

k¼1wL kð ÞY i; kð ÞY j; kð Þ.
With the fact that Y is a 0–1 matrix, it hold

YRwLY
T

� �
i; jð Þ ¼P wL kð ÞjY i; kð Þ ¼ 1 ^ Y j; kð Þ ¼ 1f g.

(2) From (1), we have eYRwL
eYT

� �
i; jð Þ ¼P wL kð ÞjeY i; kð Þ ¼

n
1 ^ eY j; kð Þ ¼ 1g.

It follows that eYRwL

fYT i; jð Þ ¼P wL kð ÞjY i; kð Þ ¼ 0 ^ Y j; kð Þ ¼ 0f g.
(3) Since 1T

n1n i; jð Þ ¼ 1, it holds from (2) that

1T
n1n � eYRwL

fYT
� �

i; jð Þ ¼ 1�
X

wL kð ÞjY i; kð Þ ¼ 0 ^ Y j; kð Þ ¼ 0f g:

Combining with
Pm

k¼1wL kð Þ ¼ 1, we have.

1T
n1n � eYRwL

fYT
� �

i; jð Þ ¼
X

wL kð ÞjY i; kð Þ ¼ 1 _ Y j; kð Þ ¼ 1f g:

(4) It is direct from (1) and (3). �

In Item (1), YRwLY
T

� �
i; jð Þ is the total weights of the labels

jointly owned by samples xi and xj, whereas in Item (3),

1T
n1n � eYRWL

fYT
� �

i; jð Þ is the total weights of the labels owned by

at least one of samples xi and xj. Item (4) characterizes the seman-
tic of each entry SS i; jð Þ in the matrix: If the weights of all labels are
equal, SS i; jð Þ is just the ratio between the labels jointly owned by
samples xi and xj and the labels owned by either xi or xj. As an
extension, SS i; jð Þ is the similarity between samples xi and xj by
combining the weights of all related labels.

According to the above analysis, we present a detailed algo-
rithm for calculating the sample similarity matrix in the label
space as shown in Algorithm 1.

Algorithm1: An algorithm for computing the sample
similarity matrix in the label space of a multi-label data set

Input: A multi-label data set MLD ¼< U; F; L > with the label
matrix Y.

Output: The sample similarity matrix SS.
1: Compute the label correlation matrix by solving the

optimization problem (1);
2: Compute the label weighting vector

wL ¼ 1m
fCL

� �
= 1m

fCL1
T
m

� �
by Eq. (7);

3: Construct the diagonal matrix RwL of wL;

4: Compute the matrix SS ¼ YRwLY
T

� �
ø 1T

n1n � eYRwL

fYT
� �

by

Eq. (8);
5: Output SS.
6: End
131
3. A fuzzy decision information system induced from multi-
label data

In the section above, the sample similarity matrix SS is produced
from the label space by weighting the pairwise correlation of
labels. Each entry of the matrix reflects the similarity between
the corresponding pair of samples in the label space. In the same
sense, in the feature space, each feature f k can induce a fuzzy rela-
tion Rk ¼ Rk xi; xj

� 	
 � 2 Rn�n by using various methods, e.g., similar-
ity methods or kernel methods, which characterizes the pairwise
similarity of samples on feature f k. In particularly, denote

Rk xi; xj
� 	 ¼ exp � jj xi�xjð Þk jj2

2r2

� �
, where r is the parameter which is

simply set by r ¼ 1 for graph construction. Moreover, xi � xj
� 	

k is
the difference between xi and xj at the k-th feature. Consequently,
a family of fuzzy relations R ¼ R1;R2; � � �;Rp

� �
can be obtained

from the whole feature space.
Given a multi-label data set MLD ¼< U; F; L >, we below utilize

the framework of fuzzy relations to represent the sample informa-
tion in the data. Consequently, a fuzzy decision information system
is formalized as FS ¼ U;R; SSð Þ, whereR ¼ R1;R2; � � �;Rp

� �
is a set of

fuzzy relations induced from the the feature space and SS is the
sample similarity matrix in the label space. Under the framework
of a fuzzy decision information system, we will investigate the
multi-label feature evaluation and feature selection.

Given a subset of fuzzy relations B#R, the interaction fuzzy
relation B ¼ \B can be obtained. The approximation ability of a
subset of fuzzy relations is defined based on fuzzy rough set as
follows.

Definition 3. [23] Let FS ¼ U;R; SSð Þ a fuzzy decision information
system with B#R. The lower and upper approximations of each
xi 2 U w.r.t. B are respectively defined as:
B xið Þ ¼ inf
xj2U

max 1� B xi; xj
� 	

; SS xi; xj
� 	� 	

;

B xið Þ ¼ sup
xj2U

min B xi; xj
� 	

; SS xi; xj
� 	� 	

:
ð9Þ

B and B are fuzzy sets induced by B, which satisfy
B xið Þ#B xið Þ#B xið Þ for each xi 2 U. B xið Þ is the certainty degree
of xi associating to the fuzzy set and B xið Þ is the plausibility degree
of xi associating to the fuzzy set. The larger the B xið Þ or/and the
smaller the B xið Þ, the stronger the performance of subset B.

Moreover, the lower and upper approximations satisfy mono-
tonicity, i.e., the lower (upper) approximation monotonically
increases (decreases) with the increasing of fuzzy relations. This
can raise the definition of reduct, which is exactly a subset of fuzzy
relations that achieves the same approximation ability as the
whole set.

Definition 4. Let FS ¼ U;R; SSð Þ a fuzzy decision information
system with B#R. B is referred to as a consistent set iff
B xið Þ ¼ R xið Þ for each xi 2 U. Furthermore, if B is a consistent set
and any B0#B is not any more, then B is a reduct of S.
In Definition 4, due to the monotonicity of lower approxima-
tions, there always exist minimal subsets of fuzzy relations that
constitute the reducts of a fuzzy decision information system. For
simplicity, denote ki ¼ R xið Þ in all the following contents. We can
see that ki is the fuzzy degree of the i-th sample belonging to the
lower approximation w.r.t. the whole set of fuzzy relations.

We next present the basic structures of reducts by introducing
the notion of discernibility set.
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Definition 5. Let FS ¼ U;R; SSð Þ be a fuzzy decision information
system. Define the discernibility set of each xi; xj

� 	 2 U � U as

cij ¼ R 2 Rj1� R xi; xj
� 	

P ki
� �

; SS xi; xj
� 	

< ki;

£; else:

(
Definition 5 explicitly indicates that, if the label-level similarity

of two samples is less than the confidence degree induced by the
fuzzy rough lower approximation, then some related features need
to be selected to distinguish the two samples at the feature level.

In previous literatures [28,30,31], the fuzzy rough discernibility
set is constructed when the decision space takes categorical val-
ues; while in Definition 6, the items in the decision space and
the sample space both take fuzzy values, which is a generalized
case and can deal with multi-label data.

The discernibility set defined in Definition 6 can be used to
elaborate the reduction principle and to construct the reducts as
follows.

Theorem 2. Let FS ¼ U;R; SSð Þ be a fuzzy decision information
system. For B#R, the following statements are equivalent:

(1) B is a consistent set of S;
(2) B \ cij –£ for any cij –£;
Proof. (1))(2): Since B is a consistent set, it implies B xið Þ ¼ ki.
We now assume cij – £.

We have SS xi; xj
� 	

< ki, and there is at least one R 2 R such that
1� R xi; xj

� 	
P ki.

Suppose by contradiction that B \ cij ¼£. It follows that
1� R xi; xj

� 	
< ki for any R 2 B. Hence, 1� \Bð Þ xi; xj

� 	
< ki, which

equals to 1� B xi; xj
� 	

< ki. It must hold that SS xi; xj
� 	

P ki. It is a
contradiction to SS xi; xj

� 	
< ki.

(2))(1): We need to prove B xið Þ ¼ ki. It is obvious that
B xið Þ 6 ki for B#R. We next prove B xið ÞP ki.

Suppose by contradiction that B xið Þ < ki. With the fact of
B xið Þ ¼ inf

xj2U
max 1� B xi; xj

� 	
; SS xi; xj
� 	� 	

, there is some xj 2 U such

that 1� B xi; xj
� 	

< ki and SS xi; xj
� 	

< ki. It can be verify that
1� R xi; xj

� 	
P ki. Hence, there is some R 2 R such that

1� R xi; xj
� 	

P ki. This implies cij –£. Combining with
1� B xi; xj

� 	
< ki, we have B \ cij ¼£. This is a contradiction.

We complete the proof. �.
Corollary 1. Let FS ¼ U;R; SSð Þ be a fuzzy decision information sys-
tem. Then, B#R is a reduct iff B is a minimal subset satisfying
B \ cij –£ for any cij –£.
Proof. The proof is direct from Theorem 2. �.

After obtaining the discernibility sets by Definition 6, a discerni-
bility function can be defined as f Rð Þ ¼ ^ _ cij

� 	jcij –£
� �

, where
_ cij
� 	

is the disjunction of all elements in cij, and ^ _ cij
� 	� �

is the
conjunction of all _ cij

� 	
. By transforming the discernibility function

into a reduced disjunctive form, the reducts can be constructed as
shown in following theorem.

Theorem 3. Let FS ¼ U;R; SSð Þ be a fuzzy decision information
system and f Rð Þ the discernibility function of FS. Then,
B ¼ R1;R2; � � �;Rp

� �
#R is a reduct iff the conjunction

R1 ^ R2 � � � ^Rp is a prime implicant of f Rð Þ.
132
Proof. The proof follows from Corollary 1. �.

Corollary 1 indicates that a reduct shares at least one element in
common with each of the nonempty discernibility sets. In this
sense, the fuzzy relations with larger coverage on the discernibility
sets are relative significant. Moreover, it is expected to select a sub-
set of fuzzy relations that can minimize the intra-class diversity
and maximize the inter-class diversity. Based on these ideas, we
employ all the lower approximation values ki as confidence levels
to intercept indiscernible sample pairs. Consequently, we define

IDS Rð Þ ¼ xi; xj
� 	 2 U � UjSS i; jð ÞP ki
� �

:

We can see that IDS Rð Þ contains the pairs of samples those are
near and cannot be discerned at the level of ki. For a given sample
xi, denote IDS Rð Þ xið Þ ¼ xj 2 Uj xi; xj

� 	 2 IDS Rð Þ� �
. We further obtain

that IDS Rð Þ xið Þ ¼ xj 2 UjSS i; jð ÞP ki
� �

. Intuitively speaking, the
samples in IDS Rð Þ xið Þ have large similarity with xi and can be seen
as the near neighbors of xi in the label space.

Definition 6. Let FS ¼ U;R; SSð Þ be a fuzzy decision information
system and M ¼ cij

� 	
be the discernibility matrix with R 2 R. A

discernibility relation induced by R 2 R is defined as
DS Rð Þ ¼ xi; xj

� 	 2 U � UjR 2 cij
� �

.

In Definition 6, if xi; xj
� 	 2 DS Rð Þ, then xj can be discerned with xi

by relation R. Given any B#R, denote DS Bð Þ ¼ [R2BDS Rð Þ. We
arrive at the following property.

Property 2. Let FS ¼ U;R; SSð Þ be a fuzzy decision information
system with B#R. Then,

(1) IDS Rð Þ ¼ U � U � DS Rð Þ;
(2) B is a consistent set iff DS Bð Þ ¼ DS Rð Þ.
Proof. It is not hard to be proved from Theorem 2. �.

Algorithm2: An algorithm for computing all the discernibility
relations

Input: A fuzzy decision information system FS ¼ U;R; SSð Þ.
Output: The discernibility relations DS Rð Þ for all R 2 R.
1: For Each R 2 R

2: Initialize DS Rð Þ  £;
3: End For
4: For Each xi 2 U
5: Set R ¼ \R in Definition 3 and compute ki ¼ R xi½ �d

� 	
xið Þ;

6: For Each xj 2 U satisfying SS i; jð Þ < ki
7: For Each R 2 R

8: If 1� R xi; xj
� 	

P ki
9: Let DS Rð Þ  DS Rð Þ [ xi; xj

� 	� �
;// compute the

discernibility sample pairs;
10: End If
11: End For
12: EndFor
13: End For
14: Output All DS Rð Þ.
15: End

Algorithm 2 provides a detailed process for calculating all the
discernibility relations induced by the fuzzy relations. A fuzzy rela-
tion is considered to be significant if it can discriminate as many
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discernibility sample pairs as possible. Moreover, the margin
between intra-class similarity and inter-class similarity is an
important index for evaluating the discrimination ability of a fuzzy
relation. Following these ideas, Algorithm 3 is introduced to select
a discriminative subset of fuzzy relations in a fuzzy decision infor-
mation system.

Algorithm3: An algorithm for finding a reduct of a fuzzy
decision information system

Input: A fuzzy decision information system FS ¼ U;R; SSð Þ.
Output: One reduct B.
1: Initialize B £;
2: Compute DS Rð Þ for all R 2 R by Algorithm 2;
3: Compute DS Rð Þ ¼ [R2RDS Rð Þ and IDS Rð Þ ¼ U � U � DS Rð Þ;
4: For Each Rk 2 R�B

5: Initialize its significance as Sig Rkð Þ  0;
6: Let Bk  B [ Rf g;
7: For Each xi 2 U
8: Compute the average similarity between xi and its near

neighbors: Aver xið Þ ¼
P

Bk xi ;xjð Þjxj2IDS Rð Þ xið Þf g
jIDS Rð Þ xið Þj ;

9: For Each xj satisfying xi; xj
� 	 2 DS Rð Þ

10: If Bk xi; xj
� 	

< Aver xið Þ
11: Update Sig Rð Þ  Sig Rð Þ þ 1;
12: End If
13: End For
14: End For
15: End For
16: Find some R0 2 R�B maximizing Sig and update

B B [ R0f g;
17: If DS Bð Þ ¼ DS Rð Þ, terminate the algorithm; otherwise go

to Step 4;
18: Output B.
19: End
In Algorithm 3, Step 8 computes the average similarity between
each sample and its near neighbors. Steps 9–13 compute the signif-
icance of each remaining fuzzy relation one by one by adding it to
the current reduct. Step 9 evaluates whether or not the fuzzy rela-
tion can discriminate the discernible sample pairs, whereas Step 10
evaluates each candidate relation that whether or not the fuzzy
relation can separate the inter-class samples from the intra-class
samples. In the end, Step 17 is the termination condition, which
guarantees that the selected subset can cover all the discernible
sample pairs.
Table 2
Description of multi-label data sets.

No.s Data sets Instances Training

1 Birds 645 322
2 Business 5000 2000
3 Computers 5000 2000
4 Education 5000 2000
5 Emotions 593 391
6 Entertainment 5000 2000
7 Health 5000 2000
8 Recreation 5000 2000
9 Reference 5000 2000
10 Scene 2407 1211
11 Science 5000 2000
12 Society 5000 2000
13 Yeast 2417 1499
14 Bibtex 7395 4880
15 Slashdot 3782 2546
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In Algorithm 2, The time complexity of computing the fuzzy

rough lower approximations in Step 5 is O jUj2
� �

, and the time

complexity of computing the discernibility sample pairs in Step 9

is O jUj2jRj
� �

. In Algorithm 3, the time complexity of Step 3 is

O jRjð Þ and Step 8 can be done within O jUjð Þ in each loop. Moreover,
the computation of the significance of the fuzzy relations in Step

11 can be done within O jUj2jRj
� �

. In summarize, the total time

complexity of Algorithms 2 and 3 is O jUj2jRj
� �

.

4. Experiments

4.1. Experiment preparation

In this section, we perform a sequence of experiments to
demonstrate the effectiveness of the proposed algorithm (FRD)
by comparing it with current state-of-art algorithms on some pub-
lic data sets. The multi-label data sets used for comparison are
downloaded from (http://mulan.sourceforge.net/datasets.html
[44]), which are outlined in Table 2. The features in each data set
have a variety of characteristics-some binary/discrete and some
continuous. The continuous features are normalized into [0,1]
and discrete features are converted to distinct values.

The sample similarity matrix SS evaluates the pairwise similar-
ity of samples. For the sake of simplicity, we cut the matrix SS by
using top-k nearest neighbors as follows:

SS i; jð Þ ¼ SS i; jð Þ; xj 2Nk xið Þ or SS i; jð Þ ¼ 1;
0; otherwise:

�
where Nk xið Þ is the set of the top-k nearest neighbors of xi in the
label space according to the sample similarity matrix SS. The param-
eter k is set to 10 in the substantial implementation in the follow-
ing. After these preparations, Algorithms 2 and 3 can be
implemented to select of a subset of features.

4.2. Comparison methods

We compare the proposed algorithm against some multi-label
feature selection algorithms, including MDDMspc [46], MDDMproj
[46], MLNB [47], MCLS [13], MIFS [49], and PMU [5]. The ideas of
the six algorithms for comparison are listed below.

MDDM: It contains two substantial algorithms, i.e., MDDMspc
and MDDMproj, which adopt different types of strategies to project
the original data into a lower-dimensional feature space by maxi-
mizing the dependence between the original feature space and the
Test Features Labels Domain

323 260 19 Audio
3000 438 30 Text
3000 681 33 Text
3000 550 33 Text
202 72 6 Music
3000 640 21 Text
3000 612 32 Text
3000 606 22 Text
3000 793 33 Text
1196 294 6 Image
3000 743 40 Text
3000 636 27 Text
918 103 14 Biology
2515 1836 159 Text
1236 1079 22 Text
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class labels. MLNB: It adapts the traditional naive Bayes classifiers
to deal with multi-label samples.

MCLS: It employs manifold learning to transform logical label
space to Euclidean label space.

MIFS: It exploits label correlations to select discriminative fea-
tures across multiple labels.

PMU: It evaluates features by maximizing mutual information
between selected features and labels.

The configuration parameters of the six algorithms for compar-
ison are suggested by their original literature, which are also listed
in [22] in detail. ML-KNN [50] (K ¼ 10) is employed as the classifier
to evaluate the performance of the feature subset searched by the
Table 3
Comparison results of multi-label feature selection methods in terms of Hamming Loss (m

Data sets FRD MDDMproj MLNB MDD

Birds 0.0550 0.0647 0.0657 0.06
Business 0.0272 0.0277 0.0276 0.02
Computers 0.0413 0.0435 0.0436 0.04
Education 0.0420 0.0432 0.0426 0.04
Emotions 0.2336 0.2402 0.2635 0.23
Entertainment 0.0605 0.0642 0.0629 0.06
Health 0.0437 0.0475 0.0452 0.04
Recreation 0.0611 0.0649 0.0651 0.06
Reference 0.0300 0.0334 0.0322 0.03
Scene 0.1208 0.1549 0.1753 0.16
Science 0.0340 0.0356 0.0354 0.03
Society 0.0565 0.0592 0.0594 0.05
Yeast 0.2064 0.2233 0.2226 0.22
Bibtex 0.0537 0.0545 0.0545 0.05
Slashdot 0.0540 0.0542 0.0542 0.05

Table 4
Comparison results of multi-label feature selection methods in terms of Ranking Loss (mea

Data sets FRD MDDMproj MLNB

Birds 0.1381 0.1420 0.1430
Business 0.0412 0.0419 0.0432
Computers 0.0981 0.1029 0.1039
Education 0.0960 0.1008 0.0971
Emotions 0.1908 0.2090 0.2310
Entertainment 0.1213 0.1327 0.1315
Health 0.0632 0.0735 0.0681
Recreation 0.1912 0.2119 0.2159
Reference 0.0896 0.0981 0.0973
Scene 0.1304 0.2494 0.3058
Science 0.1407 0.1497 0.1515
Society 0.1500 0.1563 0.1574
Yeast 0.1822 0.2023 0.2003
Bibtex 0.1041 0.1052 0.1047
Slashdot 0.2022 0.2117 0.2035

Table 5
Comparison results of multi-label feature selection methods in terms of Coverage (mean).

Data sets FRD MDDMproj MLNB

Birds 3.6900 3.8669 3.5944
Business 2.3015 2.3407 2.3567
Computers 4.6556 4.8351 4.8650
Education 4.0864 4.2092 4.0884
Emotions 2.0177 2.1289 2.2365
Entertainment 3.3290 3.5070 3.4768
Health 3.4112 3.7745 3.5883
Recreation 5.0805 5.4935 5.5735
Reference 3.4553 3.7404 3.7079
Scene 0.7576 1.3505 1.6367
Science 6.9032 7.4565 7.4985
Society 5.8026 6.0466 6.0869
Yeast 6.5610 6.7942 6.6983
Bibtex 13.9636 14.2850 14.2435
Slashdot 4.7618 4.9296 4.7621
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algorithms. To fully reveal the effectiveness of the proposed
method, we randomly divide each data set into training and test
parts for five times. As the validation is iterated five times, we
obtain five results and record the average result on each data set.

4.3. Experimental results

4.3.1. Evaluation metrics
We get the predictive classification performances of all compar-

ison algorithms on the sequentially selected top-50%. Tables 3–8
record the experimental results of different multi-label feature
selection methods in terms of the six evaluation metrics. Six
ean).

Mspc MCLS MIFS PMU

62 0.0607 0.0551 0.0687
87 0.0278 0.0276 0.0275
34 0.0430 0.0422 0.0412
29 0.0442 0.0423 0.0412
84 0.3284 0.2452 0.2676
48 0.0650 0.0614 0.0623
73 0.0487 0.0440 0.0433
48 0.0650 0.0636 0.0650
47 0.0344 0.0312 0.0303
06 0.1552 0.1452 0.1238
53 0.0356 0.0346 0.0352
89 0.0601 0.0593 0.0571
26 0.2119 0.2122 0.2117
47 0.0545 0.0584 0.0547
43 0.0546 0.0547 0.0545

n).

MDDMspc MCLS MIFS PMU

0.1465 0.1480 0.1382 0.1364
0.0445 0.0433 0.0415 0.0414
0.1028 0.0967 0.1015 0.0994
0.0992 0.1069 0.0972 0.0933
0.2048 0.4147 0.2053 0.2563
0.1367 0.1407 0.1249 0.1287
0.0718 0.0773 0.0657 0.0637
0.2121 0.2114 0.2057 0.2151
0.0983 0.0981 0.0939 0.0900
0.2583 0.2115 0.1836 0.1444
0.1492 0.1512 0.1381 0.1411
0.1550 0.1601 0.1581 0.1476
0.1996 0.1853 0.1867 0.1843
0.1053 0.1063 0.1059 0.1045
0.2152 0.2171 0.2084 0.2020

MDDMspc MCLS MIFS PMU

3.4396 3.4768 3.6749 3.6625
2.4110 2.3907 2.3213 2.3183
4.8318 4.5720 4.7916 4.7008
4.1657 4.4467 4.1000 3.9655
2.0873 3.0691 2.1152 2.3276
3.5852 3.6684 3.3379 3.4275
3.7161 3.9084 3.4789 3.4141
5.5013 5.4738 5.3753 5.5653
3.7472 3.7427 3.6051 3.4679
1.3952 1.1655 1.0264 0.8238
7.4315 7.4831 6.9418 7.0459
6.0044 6.1678 6.0986 5.8058
6.8061 6.6082 6.6346 6.5941
14.2936 14.2971 13.9931 13.2457
5.0162 5.0526 4.8568 4.7623



Table 6
Comparison results of multi-label feature selection methods in terms of AveragePrecision (mean).

Data sets FRD MDDMproj MLNB MDDMspc MCLS MIFS PMU

Birds 0.7014 0.6439 0.6378 0.6303 0.6541 0.6805 0.6244
Business 0.8789 0.8743 0.8729 0.8654 0.8714 0.8736 0.8737
Computers 0.6142 0.6010 0.6001 0.6011 0.6112 0.6057 0.6113
Education 0.5414 0.5056 0.5256 0.5176 0.4859 0.5285 0.5448
Emotions 0.7710 0.7564 0.7332 0.7585 0.6022 0.7562 0.7185
Entertainment 0.5678 0.5326 0.5403 0.5232 0.5129 0.5624 0.5482
Health 0.6753 0.6407 0.6603 0.6450 0.6304 0.6753 0.6756
Recreation 0.4670 0.3946 0.3854 0.3934 0.3923 0.4197 0.3881
Reference 0.6150 0.5835 0.5854 0.5825 0.5850 0.6084 0.6097
Scene 0.7921 0.6593 0.5932 0.6462 0.6874 0.7165 0.7791
Science 0.4571 0.4175 0.4143 0.4262 0.4073 0.4568 0.4455
Society 0.5815 0.5579 0.5546 0.5594 0.5495 0.5589 0.5810
Yeast 0.7463 0.7199 0.7214 0.7211 0.7400 0.7402 0.7417
Bibtex 0.6118 0.5839 0.6038 0.5835 0.5894 0.5603 0.5800
Slashdot 0.3890 0.3875 0.3885 0.3724 0.3707 0.3781 0.3888

Table 7
Comparison results of multi-label feature selection methods in terms of Macro � F1 (mean).

Data sets FRD MDDMproj MLNB MDDMspc MCLS MIFS PMU

Birds 0.0964 0.0749 0.0808 0.0740 0.0858 0.0954 0.0910
Business 0.1453 0.1358 0.1498 0.1115 0.1279 0.1581 0.0859
Computers 0.0458 0.0224 0.0208 0.0238 0.0521 0.0312 0.0439
Education 0.1061 0.0933 0.1062 0.1005 0.0726 0.1052 0.0659
Emotions 0.5601 0.5477 0.4644 0.5338 0.1412 0.5130 0.4908
Entertainment 0.1178 0.0591 0.0704 0.0486 0.0346 0.1160 0.0975
Health 0.1967 0.1408 0.1771 0.1502 0.1052 0.1824 0.1362
Recreation 0.0776 0.0167 0.0051 0.0179 0.0132 0.0375 0.0073
Reference 0.1174 0.0869 0.0893 0.0872 0.0900 0.1161 0.0442
Scene 0.5878 0.3103 0.1516 0.2826 0.3611 0.4119 0.5778
Science 0.0413 0.0104 0.0122 0.0136 0.0085 0.0437 0.0274
Society 0.0524 0.0270 0.0215 0.0270 0.0172 0.0260 0.0514
Yeast 0.3258 0.2410 0.2339 0.2386 0.3007 0.3014 0.3049
Bibtex 0.754 0.0608 0.0619 0.0602 0.0521 0.0706 0.0751
Slashdot 0.1288 0.1029 0.1297 0.1008 0.0970 0.0937 0.1128

Table 8
Comparison results of multi-label feature selection methods in terms of Micro� F1 (mean).

Data sets FRD MDDMproj MLNB MDDMspc MCLS MIFS PMU

Birds 0.4638 0.3718 0.3614 0.3580 0.3753 0.4580 0.3537
Business 0.6983 0.6844 0.6909 0.6691 0.6799 0.6927 0.6849
Computers 0.3559 0.3348 0.3421 0.3367 0.3495 0.3517 0.3597
Education 0.1543 0.0759 0.1186 0.1086 0.0140 0.1357 0.1951
Emotions 0.5937 0.5838 0.5126 0.5782 0.1967 0.5722 0.5178
Entertainment 0.2305 0.1366 0.1660 0.1091 0.0983 0.2234 0.1878
Health 0.4162 0.3371 0.3963 0.3533 0.3021 0.4159 0.4260
Recreation 0.1441 0.0228 0.0060 0.0251 0.0185 0.0666 0.0105
Reference 0.3306 0.2466 0.2744 0.2873 0.2707 0.3138 0.3235
Scene 0.5980 0.3260 0.1657 0.2980 0.3829 0.4472 0.5833
Science 0.1085 0.0289 0.0518 0.0547 0.0217 0.1077 0.0665
Society 0.2677 0.1990 0.2181 0.1968 0.1749 0.1927 0.2667
Yeast 0.6116 0.5631 0.5556 0.5588 0.5932 0.5900 0.5949
Bibtex 0.4635 0.4220 0.4489 0.4210 0.3896 0.3829 0.4623
Slashdot 0.0389 0.0212 0.0416 0.0186 0.0159 0.0067 0.0302
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evaluation metrics, including Hamming Loss;Ranking Loss;
Coverage;Average Precision;Macro� F1, and Micro� F1, are
employed to examine the performances of the selected feature
subsets obtained by different multi-label feature selection algo-
rithms. For Hamming Loss;Ranking Loss, and Coverage, the smaller
the value, the better the performance; whereas for
Average Precision;Macro� F1, and Micro� F1, the larger the value
is, the better the performance is. To fully reveal the effectiveness
of the proposed method,
135
4.3.2. Overall observation of experimental results
Based on the results reported in these tables, we have a couple

of observations: (1) Algorithm FRD performs almost the best one
on most of the data sets. (2) For Hamming Loss and
Average Precision, FRD obtains the best performance at least on
twelve multi-label data sets, and is only worse than PMU in some
cases. (3) For Macro� F1, and Micro� F1, the predictive classifica-
tion performance of FRD is much better than MDDMspc,
MDDMproj, MLNB, MCLS, and MIFS at least on ten multi-label data
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sets. Meanwhile, the predictive classification performance of FRD is
also extremely close to the performance of PMU on the other
multi-label data sets.
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4.3.3. Detailed experimental results
We below compare the performance of the selection algorithms

on each data set in detail. Table 3 reveals the experimental results
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Table 9
Summary of the Friedman statistics FF (K ¼ 7;N ¼ 15) and the critical value with
different evaluation metrics

Metrics FF Critical value (a ¼ 0:05)

Hamming loss 15.23 2.5836
Ranking Loss 12.62
Coverage 13.23

Average precision 14.35
Macro-F1 12.69
Micro-F1 15.98
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of multi-label feature selection methods in terms of HammingLoss.
In this table, Algorithm FRD achieves superior results against the
comparing methods on 12 out of 15 dada sets. Meanwhile, on
the other 3 data sets Computers, Education and Health, FRD is infe-
rior but approximate to PMU and outperforms the other
algorithms.

Table 4 reveals the selection results in terms of RankingLoss. As
shown in the table, FRD achieves the best performance 10 times
over the 15 dada sets compared with all the other algorithms. On
the other 3 data sets, FRD is inferior to PMU for 3 times and is infe-
rior to MCLS and MIFS for 2 times. The average loss indicates that
FRD is significantly superior to all the other algorithms with a large
margin.

We can see the similar results on the remaining evaluation met-
rics. With each of the metrics, FRD offers the most evident
improvement on nearly 75% of the data sets when compared with
Fig. 3. Comparison of FRD against algorithms under comparison with the Bonferroni-D
Precision, (e) Macro-F1, (f) Micro-F1.
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the other algorithms. Furthermore, the average performance
recorded in each table shows that FRD constantly ranks 1 with a
larger margin compared with other methods.

For a more intuitive display, Figs. 1 and 2 also depict the varia-
tion diagram of the performance w.r.t. the selected features on two
data sets with different scales which are collected from different
domains i.e., Scene and Birds. As shown Fig. 2, FRD significantly
outperforms the comparing algorithms in terms of each of the eval-
uation metrics Ranking Loss;Coverage;Macro� F1, and Micro� F1,
but it is inferior to the algorithms PMU, MDDMproj, and MDDMspc
in terms of Hamming Los.

4.3.4. Performance analysis
The above phenomenons indicate that the proposedmethod has

the overall advantages and can achieve good performances in most
cases, whereas some comparing algorithms are also capable to
handle some special tasks from different domains. The success of
the proposed algorithm relies on the ability to disclose the
instance-level compact and sufficient information and to preserve
the consistency between the information from the feature space
and the label space.

4.3.5. Performance analysis in terms of hypothesis tests
For further illustration, Friedman test [51] and Bonferroni-Dunn

test [52] are utilized to evaluate the statistical significance of the
comparing algorithms. let rj be the average rank of algorithm j
unn test in terms of (a) Hamming Loss, (b) Ranking Loss, (c) Coverage, (d) Average
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Fig. 4. Convergence analysis. The objective value for misclassifying inter-class sample pairs with Algorithm FRD w.r.t. the number of iteration.
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on all data sets, N the number of multi-label data sets, and K the
number of multi-label feature selection algorithms. Under the
null-hypothesis, Friedman statistic FF follows a Fisher distribution:

FF ¼ N � 1ð Þv2
F

N K � 1ð Þ � v2
F

;

where

v2
F ¼

12N
K K þ 1ð Þ

XK
j¼1

r2j �
K K þ 1ð Þ2

4

 !
:

We can further obtain the Friedman statistic FF on the six eval-
uation metrics and the critical value shown in Table 9. As seen in
the table, the null hypothesis, that the performance of all methods
is equivalent, is clearly rejected on each evaluation metric at signif-
icance level a ¼ 0:05. Then, Bonferroni-Dunn test [52] is used to
further evaluate the performance of the methods. The performance
of two methods is regarded as different, if their average ranks
exceeds the critical distance:

CDa ¼ qa

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K K þ 1ð Þ

6N

r
;

where qa ¼ 2:638 is the critical value of the test. We can calculate
that CDa ¼ 2:0809 (# datasets N ¼ 15;# comparing algorithms
K ¼ 7). Fig. 3 presents the CD diagrams on each metric, where the
red line of one CD is represented by the red line. Two comparing
methods are considered to have no significant difference if their
average ranks are connected within one CD. We can see from
Fig. 3 that FRD is significantly superior to MDDMproj, MLNB,
MDDMspc, and MCLS on
Hamming Loss;Ranking Loss;Coverage;Macro� F1, and Micro� F1.
Furthermore, FRD outperforms MIFS on Micro� F1, and outper-
forms PMU on Macro� F1. Hence, the proposed algorithm can
achieve competitive performance and is advisable to be as an alter-
native version of feature selection for multi-label data sets than
some existing methods.

4.3.6. Convergence analysis
We below analysis the convergence of the proposed algorithm.

As shown in in Definition 3, the fuzzy rough approximations are
monotonous with the size of the subset of features. More features
selected indicates more inter-class sample pairs discriminated
with the algorithm. The objective value of misclassifying inter-
class sample pairs decreases monotonously with the size of
selected features. Consequently, the convergence of the proposed
method can be guaranteed. Fig. 4 (a)-(c) illustrate the change of
the objective value w.r.t. the size of selected features on three data
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sets, including Birds, Emotions, and Yeast. In the figures, it is
demonstrated that FRD falls fast within a small number of selected
features and then tends towards stability. Hence, the results
empirically verify the convergence of the proposed algorithm in
practice.
5. Conclusion

The approaches of discernibility matrix provide a mathematical
foundation for fuzzy rough set-based data analysis. However, a
way how to effectively realize the superiority for dealing with
multi-label data sets, which generate more than one groups of
class label partitions, has not been systematically studied so far.
In this paper, we introduced a multi-label feature selection algo-
rithm based on fuzzy rough discrimination. Note that different
labels may provide different/repetitive sample distribution infor-
mation. To make proper use of the label information, a weighting
method of label significance was proposed based on label correla-
tion. Then, a sample similarity matrix in the label space was com-
puted via label weighting. The discernibility matrix of fuzzy rough
set for discriminating related sample pairs was constructed. Based
on the fuzzy rough discrimination, the procedure was imple-
mented to evaluate and select discriminative features in multi-
label data. Moreover, the margin preservation for discriminating
different classes’ samples was also considered in our algorithm
construction.

There are still some problems that deserve further considera-
tion. For example, 1) The relevance between candidate features
and the selected feature subset was calculated by the proposed for-
ward searching algorithm, which was the main step of time con-
suming. The selection process will be improved for dealing with
large-scale data in our future study. 2) The intersection operation
was adopted to generate the fuzzy relation w.r.t. a given subset
of features. This method may cause a deviation when characteriz-
ing sample similarity over a subset of features. Hence, a general-
ized framework of fuzzy information system will be introduced
to overcome this limitation. 3) The idea of fuzzy rough discrimina-
tion will be applied to handle the multi-label classification learning
with noise labels.
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