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Abstract
Information granularity is an approache to measur-

ing uncertainty of an information system in granular
computing. Partial order relations are often used to
characterize the monotonicity of an uncertainty mea-
sure. In this paper, we focus on a generalized par-
tial relation �′

with set-size character to information
systems, and prove that three existing partial relations
(�1, �2 and �3) are all its special cases. The analy-
sis shows that the partial relation �′

presented appears
to be well suited to characterize the essential natures
of information granularity in granular computing.
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1. Introduction

The notion of information systems (sometimes called

data tables, attribute-value systems, knowledge representa-

tion systems, etc.), provides a convenient tool for the repre-

sentation of objects in terms of their attribute values [2–4,8].

The use of any binary relation results in information gran-

ulation of information systems, such as equivalence rela-

tion [13], tolerance relation [12] and maximal consistent re-

lation [4]. Measuring the uncertainty of a given information

system is a very important and significant issue in granular

computing [1].

According to whether or not there are missing data, in-

formation systems are classified into two categories: com-

plete and incomplete [5, 10]. Partial relation is always used

to research information entropy, information granularity,

measuring knowledge content, measuring the significance

of an attribute and their applications in information sys-

tems. Partial relation �1 has been introduced to research

some properties of complete information systems [6,11]. In

incomplete information systems, many researchers usually

investigate its some characters through using partial relation

�2 [3, 7]. To consider minimal information granules in an

incomplete information system, Leung and Li [4] applied

the concept of a maximal consistent block to formulate a

new approximation. This method has been used for attribute

reduction and rule acquisition in an incomplete information

system. However, the partial relations �1 and �2 can not be

used to characterize the uncertainty of an incomplete infor-

mation system in the context of maximal consistent blocks.

For this objective, Qian et al. [12] introduced a new par-

tial relation �3 to depict the relationship between covers

induced by two maximal consistent relations.

However, these three partial relations have not a uniform

depiction. To obtain a uniform form, in the literature [5],

through using the partial relation �2, Liang and Qian pre-

sented an axiomatic definition of information granularity

in information systems, in which several existing forms of

information granularity become its special cases. Qian et

al. [10] argued that the size of information granularity is

not depended on the sizes of equivalence classes (tolerance

classes and maximal consistent blocks), but some array of

these classes. To discover the essential nature of this prob-

lem, Qian et al. [10] proposed a generalized partial relation

�′
for characterizing the monotonicity of information gran-

ularity, called granulation monotonicity.

The reset of this paper is organized as follows. In Section

2, we review some basic concepts, such as complete infor-

mation systems, incomplete information systems and max-

imal consistent block technique. By analyzing the structure

of partial relations �1, �2, �3 and �′
, in Section 3, we

establish the relationships among these partial relations. Fi-

nally, Section 6 concludes the whole paper.

2. Preliminaries

Information systems provides a convenient tool for the

representation of objects in terms of their attribute values
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[2–4]. In this section, we briefly review three kinds of infor-

mation systems, which are complete information systems,

incomplete information systems and information systems

based on maximal consistent block technique.

An information system is a pair S = (U,A), where,

(1) U is a non-empty finite set of objects;

(2) A is a non-empty finite set of attributes;

and

(3) for every a ∈ A, there is a mapping a, a : U → Va,

where Va is called the value set of a.

For an information system S = (U,A), if ∀a ∈ A, every

element in Va is a definite value, then S is called a complete

information system.

Each subset of attributes P ⊆ A determines a binary in-

distinguishable relation IND(P ) as IND(P ) = {(u, v) ∈
U × U | ∀a ∈ P, a(u) = a(v)}. It is easily shown that

IND(P ) =
⋃

a∈P IND({a}) [9].

U/IND(P ) constitutes a partition of U . U/IND(P )
is called a knowledge on U and every equivalence class is

called a knowledge granule or information granule. In a

broad sense, information granularity denotes average mea-

sure of information granules induced by P .

It may happen that some of the attribute values for an ob-

ject are missing. These missing values can be represented

by the set of all possible values for the attribute or equiva-

lent to the domain of the attribute. To indicate such a situa-

tion, a distinguished value, a so-called null value is usually

assigned to those attributes.

If Va contains a null value for at least one attribute a ∈
A, then S is called an incomplete information system [3],

otherwise it is complete. Further on, we will denote the null

value by ∗.

Let S = (U,A) be an information system, P ⊆ A an at-

tribute set. We define a binary relation on U as SIM(P ) =
{(u, v) ∈ U × U | ∀a ∈ P, a(u) = a(v) or a(u) =
∗ or a(v) = ∗}.

In fact, SIM(P ) is a tolerance relation on U , the con-

cept of a tolerance relation has a wide variety of appli-

cations in classification [7]. It can be easily shown that

SIM(P ) =
⋂

a∈P SIM({a}).
Let U/SIM(P ) denote the family sets {SP (u) | u ∈

U}, the classification induced by P . A member SP (u) from

U/SIM(P ) will be called a tolerance class or a granule of

information. It should be noticed that the tolerance classes

in U/SIM(P ) do not constitute a partition of U in general.

They constitute a covering of U , i.e., SP (u) �= Ø for ev-

ery u ∈ U , and
⋃

u∈U SP (u) = U . Of course, SIM(P )
degenerates into an equivalence relation in a complete in-

formation system.

However, tolerance classes are not the minimal units for

describing knowledge or information in incomplete infor-

mation systems [4].

Let S = (U,A) be an information system, P ⊆ A an

attribute set and X ⊆ U a subset of objects. We say X is

consistent with respect to P if (u, v) ∈ SIM(P ) for any

u, v ∈ X . If there does not exist a subset Y ⊆ U such

that X ⊂ Y , and Y is consistent with respect to P , then X
is called a maximal consistent block of P . Obviously, in a

maximal consistent block, all objects are not indiscernible

with available information provided by a similarity relation

[4].

Henceforth, we denote the set of all maximal consistent

blocks determined by P ⊆ A as CP , and the set of all

maximal consistent blocks of P which includes some ob-

ject u ∈ U is denoted as CP (u). It is obvious that X ∈ CP

if and only if X =
⋂

u∈X SP (u) [4].

3. Relationships among partial order relations
in granular computing

In this section, we will establish the relationships among

the existing partial order relations.

Firstly, we give the definition of each of two partial re-

lations (�1 and �2) and analyze several relative properties.

Definition 1 gives the definition of partial relation in com-

plete information systems.

Definition 1 [6] Let S = (U,A) be a complete informa-
tion system, P, Q ⊆ A. U/IND(P ) = {P1, P2, · · · , Pm}
and U/IND(Q) = {Q1, Q2, · · · , Qn}. One defines partial
relation �1 as follows

P �1 Q ⇔ for every Pi ∈ U/IND(P ), there exists
Qj ∈ U/IND(Q) such that Pi ⊆ Qj .

If P �1 Q and P �= Q, i.e., for some Pi0 ∈
U/IND(P ), there exists Qj0 ∈ U/IND(Q) such that

Pi0 ⊂ Qj0 , denoted by P ≺1 Q.

In incomplete information systems, the characterization

of information are often based on the tolerance classes in-

duced by all objects on the universe. Uncertainty of an in-

complete information system is characterized by the partial

relation �2, which is shown as follows.

Definition 2 [7] Let S = (U,A) be an incom-
plete information system, P, Q ⊆ A, U/SIM(P ) =
{SP (u1), SP (u2), · · · , SP (u|U |)} and U/SIM(Q) =
{SQ(u1), SQ(u2), · · ·, SQ(u|U |)}. One defines partial re-
lation �2 as follows

P �2 Q ⇔ SP (ui) ⊆ SQ(ui), ∀i ∈ {1, 2, · · · , |U |}.

If P �2 Q, we say that Q is coarser than P (or P is

finer than Q). If P �2 Q and P �= Q, we say that Q
is strictly coarser than P (or P is strictly finer than Q),

denoted by P ≺2 Q. In fact, P ≺2 Q ⇔ for ∀i ∈
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Figure 1: Sketch map of the partial relation �2

{1, 2, · · · , |U |}, one has that SP (ui) ⊆ SQ(ui), and there

exists j ∈ {1, 2, · · · , |U |}, such that SP (uj) ⊂ SQ(uj).
The Figure 1 gives the sketch map of the partial

relation �2. In Figure 1, K(P ) = U/SIM(P ) =
{SP (u1), SP (u2), · · · , SP (u|U |)} and K(Q) =
U/SIM(P ) = {SQ(u1), SQ(u2), · · · , SQ(u|U |)}. From

Figure 1, it is easy to see that for arbitrary i ≤ |U |, one has

that SP (ui) ⊆ SQ(ui) and |SP (ui)| ≤ |SQ(ui)|. In other

words, the cardinality of the tolerance class induced by

each object from K(P ) is less than or equal to that of the

corresponding tolerance class induced by it from K(Q).
From Definition 1 and Definition 2, one can obtain the

following theorem.

Theorem 1 Partial relation �1 is a special instance of par-
tial relation �2.

Proof. Let S = (U,A) be a complete information system,

P, Q ⊆ A with P �1 Q, U/IND(P ) = {P1, P2, · · · , Pm}
and U/IND(Q) = {Q1, Q2, · · · , Qn}. Suppose that

U/SIM(P ) = {SP (u1), SP (u2), · · · , SP (u|U |)}, Pi =
{ui1, ui2, · · · , uisi

}, where |Pi| = si,
∑m

i=1 si = |U |;
U/SIM(Q) = {SQ(u1), SQ(u2), · · · , SQ(u|U |)}, Qj =
{uj1, uj2, · · · , ujsj

}, where |Qj | = sj ,
∑n

j=1 sj = |U |.
Hence, we have that

Pi = SP (ui1) = SP (ui2) = · · · = SP (uisi),
Qj = SQ(uj1) = SQ(uj2) = · · · = SQ(ujsj

).

Since P �1 Q, we obtain that for every Pi ∈
U/IND(P ), there exists Qj ∈ U/IND(Q) such that

Pi = SP (uik) ⊆ Qj = SQ(ujt) (k ≤ si, t ≤ sj), i.e.,

for arbitrary u ∈ U , we have that SP (u) ⊆ SQ(u).
Therefore, the partial relation �1 is a special instance of

the partial relation �2.

Similar to the definitions of �1 and �2, we define an-

other partial relation in order to discuss maximal consis-

tent block structure in incomplete information systems. It is

shown as follows.

Definition 3 [12] Let S = (U,A) be an incomplete infor-
mation system, P, Q ⊆ A, CP = {P 1, P 2, · · · , Pm} and
CQ = {Q1, Q2, · · · , Qn}. One defines partial relation �3

by

P �3 Q ⇔ for every P i ∈ CP , there exists Qj ∈ CQ

such that P i ⊆ Qj .

If P �3 Q and P �= Q, i.e., for some P i0 ∈ CP , there

exists Qj0 ∈ CQ such that P i0 ⊂ Qj0 , denoted by P ≺3 Q.

The following Theorem 2 and Theorem 3 establish the

relationship between �1 and �3 and that between �2 and

�3, respectively.

Theorem 2 Partial relation �1 is a special instance of par-
tial relation �3.

Proof. If S = (U,A) is a complete information sys-

tem, then the tolerance relation degenerates into the corre-

sponding equivalence relation, and each of maximal toler-

ance blocks degenerates into the corresponding equivalence

class. Therefore, if P �1 Q (P, Q ⊆ A), then P �3 Q
holds.

Hence, the partial relation �1 is a special instance of the

partial relation �3.

Theorem 3 Partial relation �3 is a special instance of par-
tial relation �2.

Proof. Let S = (U,A) be an incomplete information sys-

tem, P, Q ⊆ A with P �3 Q, CP = {P 1, P 2, · · · , Pm}
and CQ = {Q1, Q2, · · · , Qn}. It follows from the defini-

tion of �3 that for arbitrary P i ∈ CP , there exists Qj ∈ CQ

such that P i ⊆ Qj .

Next, we prove that SP (u) ⊆ SQ(u), ∀u ∈ U . As-

sume that CP (u) = {X1, X2, · · · , Xm} and CQ(u) =
{Y1, Y2, · · · , Yn}. We know that SP (u) =

⋃{Xk ∈ CP |
Xk ⊆ SP (u)} =

⋃{Xk ∈ CP (u)} (k ≤ m) and SQ(u) =⋃{Yt ∈ CQ | Yt ⊆ SQ(u)} =
⋃{Yt ∈ CQ(u)} (t ≤ n)

from property 4 in reference [16]. From the definition of

a maximal consistent block, we have that u ∈ CP (u),
u ∈ CQ(u), u �∈ CP −CP (u) and u �∈ CQ−CQ(u). Hence,

it follows from P �3 Q that for arbitrary Xk ∈ CP (u),
there exists Yt ∈ CQ(u) such that Xk ⊆ Yt. Thus, for

arbitrary u ∈ U , one has that

SP (u) =
⋃{Xk ∈ CP | Xk ⊆ SP (u)} =

m⋃

k=1

Xk

⊆
n⋃

t=1
Yt =

⋃{Yt ∈ CQ | Yt ⊆ SQ(u)}
= SQ(u),

that is P �2 Q.

Hence, the partial relation �3 is a special instance of the

partial relation �2.

Definition 4 Let S = (U,A) be an information system,
P, Q ⊆ A, K(P ) = {SP (u) | u ∈ U} and K(Q) =
{SQ(u) | u ∈ U}. One defines a binary relation �′

with
set size character as follows

P �′
Q ⇔ for K(P ) =

{SP (u1), SP (u2), · · · , SP (u|U |)}, there exists
a sequence K

′
(Q) of K(Q), where K

′
(Q)
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Figure 2: Sketch map of the partial relation �′

= {SQ(u
′
1), SQ(u

′
2), · · · , SQ(u

′
|U |)}, such that

|SP (ui)| ≤ |SQ(u
′
i)|.

If there exists a sequence K
′
(Q) of K(Q) such that

|SP (ui)| ≤ |SQ(u
′
i)| and |SP (ui0)| < |SQ(ui0)| for some

ui0 ∈ U , then we say that P is strictly granularity finer

than Q, denoted by P ≺′
Q; if there exists a sequence

K
′
(Q) of K(Q) such that |SP (ui)| = |SQ(u

′
i)| for arbi-

trary u ∈ U , then we say that P is granularity equal to Q,

denote by P ≈ Q.

One can intuitively understand the mean-

ing of this partial relation �′
by Figure

2. In Figure 2, K(P ) = U/SIM(P ) =
{SP (u1), SP (u2), · · · , SP (u|U |)} and K(Q) =
U/SIM(P ) = {SQ(u1), SQ(u2), · · · , SQ(u|U |)}. In

this figure, we use an arrow to denote the size re-

lationship between two tolerance classes. That is

to say, if there is an arrow between two tolerance

classes, then we can know that the size of one is less

than or equal to that of the other. This figure shows

that for K(P ) = {SP (u1), SP (u2), · · · , SP (u|U |)},

there exists a sequence K
′
(Q) of K(Q), where

K
′
(Q) = {SQ(u

′
1), SQ(u

′
2), · · · , SQ(u

′
|U |)}, such that

|SP (ui)| ≤ |SQ(u
′
i)|, i ≤ |U |.

Let S = (U,A) be an information system and 2A the

power set induced by A. From the definition of the binary

relation �′
, one can get that (2A,�′

) is a partial set and �′

on the power set of A is a partial relation.

From the above results, we then establish the relationship

between the partial relation �′
and each of �1, �2 and �3,

which are shown in the following three theorems.

Theorem 4 Partial relation �1 is a special instance of par-
tial relation �′

.

Proof. Let S = (U,A) be a complete information system,

P, Q ⊆ A with P �1 Q, U/IND(P ) = {P1, P2, · · · , Pm}
and U/IND(Q) = {Q1, Q2, · · · , Qn}. Suppose that

U/SIM(P ) = {SP (u1), SP (u2), · · · , SP (u|U |)}, Pi =
{ui1, ui2, · · · , uisi

}, where |Pi| = si,
∑m

i=1 si = |U |;
U/SIM(Q) = {SQ(u1), SQ(u2), · · · , SQ(u|U |)}, Qj =
{uj1, uj2, · · · , ujsj

}, where |Qj | = sj ,
∑n

j=1 sj = |U |.
Hence, we have that

Pi = SP (ui1) = SP (ui2) = · · · = SP (uisi),
Qj = SQ(uj1) = SQ(uj2) = · · · = SQ(ujsj

).

i.e.,

|Pi| = |SP (ui1)| = |SP (ui2)| = · · · = |SP (uisi
)|,

|Qj | = |SQ(uj1)| = |SQ(uj2)| = · · · = |SQ(ujsj
)|.

From P �1 Q, we obtain that for every Pi ∈
U/IND(P ), there exists Qj ∈ U/IND(Q) such that

Pi = SP (uik) ⊆ Qj = SQ(ujt) (k ≤ si, t ≤ sj), i.e.,

|Pi| = |SP (uik)| ≤ |Qj | = |SQ(ujt)|. That is to say,

one can find an array of all tolerance classes in U/IND(Q)
such that P �′

Q.

Therefore, the partial relation �1 is a special instance of

partial relation �′
.

Theorem 5 Partial relation �2 is a special instance of par-
tial relation �′

.

Theorem 6 Partial relation �3 is a special instance of par-
tial relation �′

.

Proof. Let S = (U,A) be an incomplete information sys-

tem, P, Q ⊆ A with P �3 Q, CP = {P 1, P 2, · · · , Pm}
and CQ = {Q1, Q2, · · · , Qn}. It follows from the defini-

tion of �3 that for arbitrary P i ∈ CP , there exists Qj ∈ CQ

such that P i ⊆ Qj and |P i| < |Qj |.
Next, we prove that |SP (u)| ≤ |SQ(u)|, ∀u ∈ U . As-

sume that CP (u) = {X1, X2, · · · , Xm} and CQ(u) =
{Y1, Y2, · · · , Yn}. We know that SP (u) =

⋃{Xk ∈ CP |
Xk ⊆ SP (u)} =

⋃{Xk ∈ CP (u)} (k ≤ m) and SQ(u) =⋃{Yt ∈ CQ | Yt ⊆ SQ(u)} =
⋃{Yt ∈ CQ(u)} (t ≤ n)

from property 4 in the literature [16]. From the definition

of maximal consistent block, we have that u ∈ CP (u),
u ∈ CQ(u), u �∈ CP − CP (u) and u �∈ CQ − CQ(u).
Hence, it follows from P �3 Q that for arbitrary Xk ∈
CP (u), there exist Yt ∈ CQ(u) such that Xk ⊆ Yt. So,⋃m

k=1 Xk ⊆ ⋃n
t=1 Yt and |⋃m

k=1 Xk| ≤ |⋃n
t=1 Yt|.

Therefore, we have that

|SP (u)| = |⋃{Xi ∈ CP (u)}| = |
m⋃

k=1

Xk|

≤ |
n⋃

t=1
Yt| = |⋃{Yt ∈ CQ(u)}|

= |SQ(u)|.
Hence, |SP (u)| ≤ |SQ(u)|, ∀u ∈ U , i.e., P �′

Q.

Based on the above analysis, the relationship among the

four types of partial relations in information systems can

be summarized, and the corresponding superset-subset re-

lationship graph is depicted in Figure 3.

In Figure 3, an arrow stands for a generalization between

two partial relations. For example, “�′ −→ �1” means

“the partial relation �′
is a generalization of the partial re-

lation �1”. Thus, in an information system, �′
is the most

generalized partial relation, and �1 is the most special par-

tial relation. From the viewpoint of generalized ability, one
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Figure 3: Relationship among the four partial relations

can obtain an array of these partial relations from strong to

weak as follows.

�′−→�2−→�3−→�1 .

4. Conclusions

In the present research, a generalized partial relation �′

with set size character in information systems has been dis-

cussed, and the relationships between �′
and three existing

partial relations have been established. These relationships

show that the partial relation �′
may be better to character-

ize the essential nature of information granularity and infor-

mation entropy for measuring uncertainty of information in

information systems than the partial relations �1, �2 and

�3.
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